ON THE J; CONVERGENCE FOR PARTIAL SUM PROCESSES
WITH A REDUCED NUMBER OF JUMPS

DANIJEL KRIZMANIC

ABSTRACT. Various functional limit theorems for partial sum processes of
strictly stationary sequences of regularly varying random variables in the space
of cadlag functions D[0, 1] with one of the Skorohod topologies have already
been obtained. The mostly used Skorohod J; topology is inappropriate when
clustering of large values of the partial sum processes occurs. When all ex-
tremes within each cluster of high-threshold excesses do not have the same
sign, Skorohod M; topology also becomes inappropriate. In this paper we
alter the definition of the partial sum process in order to shrink all extremes
within each cluster to a single one, which allow us to obtain the functional J;
convergence. We also show that this result can be applied to some standard
time series models, including the GARCH(1,1) process and its squares, the
stochastic volatility models and m—dependent sequences.

1. INTRODUCTION

Let (X,,)n>1 be a strictly stationary sequence of real valued random variables
and define by S,, = X7 + -+ X,,, n > 1, its accompanying sequence of partial
sums. If the sequence (X,,) is i.i.d. then it is well known (see for example Gnedenko
and Kolmogorov [11], Rvaceva [18], Feller [10]) that there exist real sequences (ay,)
and (b,,) such that

Sn - bn d

v -5 as n — oo, (1.1)
for some non-degenerate a—stable random variable S with o € (0,2) if and only if
X is regularly varying with index a € (0, 2), that is,

P(|X1| > z) =27 “L(x), (1.2)
where L(-) is a slowly varying function at oo and
P(Xl > :17) P(X1 < —{,C)
il Sl ) and & ——1STV L 1.3
PG =7 7 PG >a) ¢ (13)

as x — oo, with p € [0,1] and ¢ = 1 — p. As « is less than 2, the variance of X, is
infinite.

The functional generalization of (1.1) has been studied extensively in probability
literature. Define the partial sum processes

[nt]
Valh) = =3 (Xu—b),  telo,1],

a
" k=1
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where the sequences (a,) and (b,) are chosen as
nP(|X1| >a,) =1 and b, =E(X11{x,|<a,})-

Here | x| represents the integer part of the real number z. In functional limit theory
one investigates the asymptotic behavior of the processes V, () as n — co. Since
the sample paths of V,,(-) are elements of the space DJ0, 1] of all right-continuous
real valued functions on [0, 1] with left limits, it is natural to consider the weak
convergence of distributions of V,,( - ) with the one of Skorohod topologies on D[0, 1]
introduced in Skorohod [21].

Skorohod [22] established a functional limit theorem for the processes V()
for infinite variance i.i.d. regularly varying sequences (X,,). Under some weak de-
pendence conditions, weak convergence of partial sum processes were obtained by
Durrett and Resnick [9], Leadbetter and Rootzén [13] and Tyran-Kamiiiska [23].
Their functional limit theorems hold in Skorohod J; topology, which is appropriate
when large values of the partial sum processes do not cluster. When clustering of
large values occurs then J; convergence fails to hold, but the functional limit the-
orem might still hold in the weaker Skorohod M; topology. Avram and Taqqu [1]
obtained a functional limit theorem with Skorohod M; topology for sums of mov-
ing averages with nonnegative coefficients. Recently Basrak et al. [3] gave sufficient
conditions for functional limit theorem with M; topology to hold for stationary, reg-
ularly varying sequences for which all extremes within each cluster of high-threshold
excesses have the same sign.

In this paper we alter the definition of the partial sum process in the manner that
all extremes within each cluster shrink to a single one, which allows us to recover
the J; convergence. Note that the process V,(t) jumps at every t = k/n (k < n),
with (Xj —by,)/a, being the size of the jump. Now we reduce the number of jumps
(or alternatively increase the intervals between jumps) by introducing a sequence
of positive integers (r,) such that r,, — oo and k,, := |n/r,| — o0 as n — oo, and
defining new partial sum processes

LEnt]

Wa(t)=— > (SF —cu), telo1],
k=1

where S’fn = Xth—yrpt1 + - + Xgr, (k,n € N), and ¢, are centering constants
which will be specified later. The process W, (t) jumps at every t = k/k,, with
(Sffn — ¢n)/ay being the size of the jump. In other words, we break Xi, Xs, ... into
blocks of r,, consecutive random variables and treat the sums of random variables
within each block as we treated single random variables X; in the process V().
One jump of the process W, (- ) corresponds to r,, consecutive jumps of the process
V,.(-). In this way we have partially smoothed the trajectories of partial sum
processes such that each cluster can consist of only one excess. Our method is in
fact closely related to the scheme of summing stationary in rows triangular arrays
(see Samur [19]).

Functional limit theorems for the processes V;,(-) base on the regular variation
property of X;. Therefore in obtaining the functional limit theorem for the pro-
cesses W, (-) we need to impose a similar condition on S, . For this purpose we
will assume S, satisfies a certain large deviation condition (see relation (2.5) in
the sequel).
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The paper is organized as follows. In Section 2 we introduce some basic re-
sults on point processes and regular variation. We also describe precisely the large
deviation condition that we impose on S, . In Section 3 we state and prove the
functional limit theorem for the processes W,,(-) in the J; topology. Here we also
discuss several examples of stationary sequences covered by our theorem. Finally,
in Section 4 (Appendix) we prove that the mixing conditions used in our main
theorem are implied by some conditions which are given in terms of the standardly
used a-mixing and p-mixing conditions.

2. PRELIMINARIES

At the beginning we introduce here some basic notions and results on point
processes which will be used later on. For more background on the theory of point
processes we refer to Kallenberg [12]. Let E = R\ {0}, where R = [—00, oc]. For
z,y € E define

() = max {| 1 — 1| fsign — signy|} (2.1)
plz,y a 2] |y|,sgx signy| r, .

where signz = z/|z|. With the metric p, E becomes a locally compact, complete
and separable matric space. A set B C E is relatively compact if it is bounded
away from origin, that is, if there exists v > 0 such that B C E \ [—u, u]. Denote
by B(E) the o—algebra generated by p—open sets. Let M, (E) be the class of all
Radon measures on E, i.e. all nonnegative measures that are finite on relatively
compact subsets of E. A useful topology for M, (E) is the vague topology which
renders M, (E) a complete separable metric space. If u,, € M, (E), n > 0, then p,
converges vaguely to pg (written p, — o) if [ fdpn — [ f dpo for all f € Cf(E),
where C}-(E) denotes the class of all nonnegative continuous real functions on E
with compact support. One metric that induces the vague topology is given by

du(uhuz):g?k(‘/Efk(ﬂ?)ul(dx)—/Efkuz(dx)

Al)a K1y 2 €M+(]E)a

(2.2)
for some sequence of functions f; € C(E), where a A b = min{a,b}. We call d,
the vague metric.

A Radon point measure is an element of M (E) of the form m = )", §,,, where
0, is the Dirac measure. Denote by M, (E) the class of all Radon point measures.
Since M,(E) is a subset of M, (E), we endow it with the relative topology. Let
M, (E) be the Borel o—field of subsets of M,(E) generated by open sets. A point
process on E is a measurable map from a given probability space to the measurable
space (M,(E), M,(E)). A standard example of point process is the Poisson process.
Suppose p is a given Radon measure on [E. Then N is a Poisson process with mean

(intensity) measure p, or synonymously, a Poisson random measure (PRM(u)), if
for all A € B(E):

exp(—p(A)) (u(A)E /K if p(A) < oo

P(N(4) =k) = { 0 if u(A) = o0

and if A;,..., Ar € B(E) are mutually disjoint, then N(A;1),..., N(Ay) are inde-
pendent random variables.
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A sequence of point processes (N,,) on E converges in distribution to a point

process N on E (written N, 4 N) if Ef(N,) = Ef(N) for every bounded contin-
uous function f: M,(E) — R. The point processes convergence is characterized by
convergence of Laplace functionals. Denote by B4 the set of bounded measurable
functions f: E — [0,00). For a point process N on E the Laplace functional of N
is the nonnegative function on B given by

Un(f) =Ee N, feBy,
where N(f) = [ f(2)N(dz). Then it holds that given point processes Ny, n > 0,

N, LNy iff Uy, (f) = Uy, (f) forall f € Cf(E) (2.3)

(see Kallenberg [12], Theorem 4.2).

Let (X,,) be a strictly stationary sequence of regularly varying random variables
with index a € (0,2), and let (a,,) be a sequence of positive real numbers such that
nP(|X1| > a,) — 1 as n — oo. Regular variation can be expressed in terms of
vague convergence of measures on [E:

nPla'X;€-) 5 u(-) as n — oo,
the Radon measure p on E being given by

p(dr) = (pax™ "1 (g 00) (@) + ga(—2) " (oo 0)(2)) da,
where p and ¢ are as in (1.3).

Using standard regular variation arguments it can be shown that for every A > 0
it holds that a|x, /an — M/ as n — co. Therefore a, can be represented as
an = nY*L'(n), where L'(-) is a slowly varying function at oco.

Through the whole paper we will assume the sequence (X,,) satisfies the following
large deviation type relations:

kP o
2P (Sr, > zay) — cpz™, >0, (2.4)
knP(S,, < —zap,) — c_x™%,
as n — oo, where ¢;,c_ > 0 are some constants, (r,) is a sequence of positive
integers such that r, — oo and r,/n — 0 as n — oo, and k, = |[n/r,]. Some
sufficient conditions for relations in (2.4) to hold are given in Bartkiewicz et al. [2]
and Davis and Hsing [7]. It is easy to see (for example by Lemma 6.1 in Resnick
[17]) that (2.4) is equivalent to

k.P(aytS., €-) S v(-) as n — oo, (2.5)
where v is the measure
v(dz) = (cyaz™ g0y () + cca(—2) " M (Lw0)(2))dz. (2.6)

Lemma 2.1. Let a € (0,1) and assume relation (2.5) holds. Then for any u > 0,

lim k,E “~1¢s,, = z|v(dx). 2.7
Jm kB (Bl g ) = [ v 1)

Proof. Fix u > 0. Define
Vn(+) = k,P(a,'S,, €-), n €N,

and
fs(x) = |215(5 ) (@), x€E, §e(0,u),
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where B(6, u) = {x € E:6 < |z| < u} (and B(6, u) = {x € E: 6 < |z| < u}). By
relation (2.5) we have v, - v as n — oo, and this yields

[ 5s@mtdn) > [ fsta)vido) (2
E E

as n — oo (see Kallenberg [12], 15.7.3). Define

where B(r) = {z € E: |z| < r}. For any ¢ € (0, u) it holds

/E F(&) valda) - / f@)vide)| < ‘B(6)f(ff)vn(dw)— /B @i

4 ‘ /B - f (@) vn(dz) — /B . f(z)v(dx)

< \ / |, f@(ae)

; ] £ (@) v{de)
B(5)

o[ @t~ [ pe)vtan). (2.9)
B(8,u) B(6,u)
For the first term on the right hand side of (2.9) we have

S,.
\ / f(2) vadz)| = / (2| L55) (&) va(d2) = / \lﬂsrndan}dP
B(6) E an

S, S,
= knE[| ’1{|sm<6an}]knE[ |1{|sm<6an}1{m%{|xj<6an}}}

[o2% a J

]l

o 1{|sm|<5an}1{u;‘"1{|xj|>6an}}]-

This term is bounded above by

S 1)
< kaE {J;jl{ﬂ}‘"l{xnﬁan}}} + kn‘””( U1 > 5%})

Tn X
anE['a”l{xwm} +kad D P(X;] > da)
j=1 " j=1

IN

X
= knrnEP 1|1{|X1§5€Ln}] + kprnoP (| X1] > day,)

Qn

knrn

= 4. (2.10)

E[| X1 "
-nP(|X1| > da,) - [ (1 X311 x, | <0a03] +1}

dan,P(|X1] > dan)

From the definition of the sequences (r,,) and (k,,) it follows k.7, /n — 1 as n — oo.
Since X is a regularly varying random variable with index «, it follows immediately
nP(|X1| > da,) — 6~% as n — oco. By Karamata’s theorem it holds that

B[ Xi[1{x,<6a}] @

li = .
0o danP(|X1| > 0an)  1—a
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<51‘“< a +1>,
11—«

f(@) vy (dx)

Now from (2.10) we get

lim sup ‘
n—oo B(5)

(@) v (d)

and therefore, since « € (0, 1),

lim lim sup

’ =0. (2.11)
6—0 n—oo B((S)

By the representation of the measure v in (2.6) we get
/ 2] (da) = (e + c4) e 510,
|z| <8 -«

Hence for the second term on the right hand side of (2.9) we have

flz)v(dz)| = / |z| v(dz) — 0 as 6 — 0. (2.12)
B(6) |z|<6

From (2.8) we get for the third term on the right hand side of (2.9)

’ /§ IRICEIOR /E L@ / f3(@) va(der) — / fia

(2.13)
as n — oco. Now from (2.9) using (2.11), (2.12) and (2.13) we obtain
hm lim sup / f(z) vy (dx) — / f(z
n— oo
From this immediately follows
/f(x) Up(dx) — / f(z) v(de) as n — 0o,
E E
ie. 5|
k,E LAy —>/ x| v(de as n — oo.
( an i:|<u}) WSU‘ |v(de)
([l

3. MAIN THEOREM

Let (X,,) be a strictly stationary sequence of regularly varying random variables
with index « € (0,2). Assume (2.4) holds. The theorem below gives conditions
under which a stochastic sum process constructed from the sequence (an) satisfies
a nonstandard functional limit theorem in the space D[0,1] of real-valued cadlag
functions equipped with the Skorohod J; topology, with a non-Gaussian a—stable
Lévy process as a limit. Recall that the distribution of a Lévy process W(-)
is characterized by its characteristic triplet, i.e. the characteristic triplet of the
infinitely divisible distribution of W(1). The characteristic function of W (1) and
the characteristic triplet (a, u, b) are related in the following way:

, 1 .
E[e”*"W V)] = exp <—2a22 +ibz + / (e — 1 —izali_y q(z)) u(dm))
R

for z € R; here a > 0, b € R are constants, and p is a measure on R satisfying

w({0}) =0  and / (2 A 1) p(d) < oo
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that is, p is a Lévy measure. For a textbook treatment of Lévy processes we refer
to Bertoin [4] and Sato [20].

The metric dj, that generates the J; topology on D[0, 1] is defined in the follow-
ing way. Let A be the set of strictly increasing continuous functions A: [0, 1] — [0, 1]
such that A(0) = 0 and A(1) = 1, and let e € A be the identity map on [0, 1], i.e
e(t) =t for all t € [0,1]. For x,y € D[0,1] define

dy,(z,y) = inf{[[z oA =yl VA — el : A € A},

where [|z|[j0,1) = sup{|z(t)| : t € [0,1]} and a V b = max{a,b}. Then dj, is a metric
on D[0,1] and is called the Skorohod J; metric.

The mixing condition appropriate for the result in this section is similar to
the condition A(a,) of Davis and Hsing [7], and hence we denote it by A*(a,)
and say that a strictly stationary sequence of random variables (X,,) satisfies the
mixing condition A*(a,,) if there exist a sequence of positive integers (r,,) such that
T — 00 and r,/n — 0 as n — oo, and such that for every f € C£(E) (denoting

kyn = n/rn])
k:Tl,
Eexp < Zf *1Sk ) - (Eexp(—f(anlS,.n))) -0 asn — o0o. (3.1)
In case o € [1,2), we will need to assume that the contribution of the smaller

increments of the partial sum process is close to its expectation.

Condition 3.1. There exists a sequence of positive integers (ry) with r, — oo and
kn = |n/rn| — 00 as n — oo, such that for all § > 0,

J Sk
HCNEEC ) [
e Qp an = n A Su

In Appendix we discuss some sufficient conditions for the mixing condition
A*(ay,) and Condition 3.1 to hold.

limlimsup P| max
ul0 n—oo 1<j<kn

Theorem 3.2. Let (X,,) be a strictly stationary sequence of reqularly varying ran-
dom variables with index o € (0,2), and let (a,) be a sequence of positive real
numbers such that nP(|X1]| > a,) — 1 as n — co. Suppose there exists a sequence
of positive integers (ry,) such that, as n — oo, r,, = 00, ky, = |n/r,] — 00 and

knP@: € > L), (3.2)

Suppose that the mizing condition A*(ay) and Condition 3.1 if o € [1,2) hold with
the same sequence (ry,) as in (3.2). Then for a stochastic process defined by

Lknt]
) t e [0,1],

Wn(t) =

- Ut 21

a
k=1 "

it holds that
W, i) W, n — 00,

in D[0,1] endowed with the Jy topology, where Wy(-) is an a—stable Lévy process
with characteristic triplet (0,v,0).
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Proof. Let, for any n € N, (Z, 1) be a sequence of i.i.d. random variables such
that Z, 1 & Sy, . By relation (3.2) we have

Zn, v
knP<’1 € ) = v(-) as n — oo. (3.3)
G,
Theorem 5.3 in Resnick [17] then implies, as n — oo,

& = Z 8,1z, , > PRM(v) (3.4)

on E. Define the point process &, = Zz’;l 0,-1gx - Forany f € C(E) we have

te el = E“p(‘ﬁéfoSEQ-—Qﬂmm—ﬁ@szQOL

Bewp - 2 *ﬁ)—@mwmm%w%

Hence, the mixing condition A*(a,) implies W¢, (f) =¥z (f) — 0 as n — oo. Then
by relations (2.3) and (3.4) we obtain, as n — oo,
kn

S 6,160 % PRM(v). (3.5)
k=1 "
Suppose Uy, ..., U, are ii.d. random variables uniformly distributed on [0, 1]

with order statistics Uy, < Us, <...< Uy, k,, which are independent of (an).
From (3.5) using Lemma 4.3 of Resnick [16] we obtain, as n — oo,

kn

> S, antss ) > PRM(LEB x v).

k=1
From the independence of (Uy) and (S% ), we have that

ko kn
d

Z 5(Uk:kn,agls':n) = Z Oy, a8k )

k=1 k=1

n

as random elements of M_,.([O 1] x E). Therefore
Z%k o artsk ) > PRM(LEB x v). (3.6)

Using the arguments from Step 3 in the proof of Theorem 6.3 in Resnick [17] we
get
P
(Z‘S(k/kn,anlsf, ) Z O (U, a5 )) —0 asn—oco,  (37)

Tn

where d, is the vague metric on M+([O, 1] x E) (cf. (2.2)). From (3.6) and (3.7)
using Slutsky’s theorem (see for instance Theorem 3.4 in Resnick [17]) we obtain,
as n — 0o,

>

n

8hefton az 5% ) 2, PRM(LEB x v) Za (te.0)
1

=~
Il
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on [0,1] x E. From this using the same arguments as in the proof of Theorem 7.1
in Resnick [17], we obtain that, as n — oo,

w2y (3.8)
in D[0,1] with the J; topology, where

I.kn J k S

W)= 3 iy~ U (5

1{U<i27'<1})’
and
W(“) Z ]k1{|]k|>u} ( ) / T I/(dx),
th<- u<|z|<1

From the Lévy-Ito representation of a Lévy process (see Section 5.5.3 in Resnick [17]
or Theorem 19.2 in Sato [20]), there exists a Lévy process Wy( - ) with characteristic
triplet (0, v,0) such that

sup [Wg"(t) = Wo(t)] = 0
t€[0,1]
almost surely as « | 0. Since uniform convergence implies Skorohod .J; convergence,

we get d Jl(WO(U), Wy) — 0 almost surely as u J 0. Therefore since almost sure
convergence implies convergence in distribution,

Wou) LW as u — 0, (3.9)
in D[0, 1] with the J; topology.
If we show that
h{nhmbupP[dJ (W, W,) >8] =0

0 n—oo

for any d > 0, then from (3.8), (3.9) and Theorem 3.5 in Resnick [17] we will have,
as n — 0o,

w, & w,

in D[0,1] with the J; topology. Since the .J; metric on D|0, 1] is bounded above by
the uniform metric on D[0, 1], it suffices to show that

lim lim supP( sup |[W W (t) — W, ()| > 6) =
ul0 nooo telo,1]

We have

P( sup |[W ) (8) =W, (t)| > 5) P[ max

te[0,1] 1<j<kn

(3.10)
For o € [1,2) this relation is simply Condition 3.1. Therefore it remains to show
(3.10) for the case when a € (0,1). Hence assume « € (0,1). For arbitrary (and

fixed) & > 0 define
J Sk
> (ot o))
k=1 an Su n an su

I(u,m) = Lzﬂi’;
J

§;< an {2 }E<Sﬁ1{5w})>‘>5}
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Using stationarity and Chebyshev’s inequality we get the bound

I(u7n) S P[lg;iéybkz—l’ 2% {‘an - }_E(%l{ik:<u})‘ g 5:|

k
n Sk; Sk'
= P at AP —E( 1 e )
[; an %Su} (an Sﬂ’“:gu}>' :|
Sk Sk
a—:l ‘Sf?‘SU} —E(an 1 ‘Skn|< })H

e[
e 1ZE( Yoy

-1 S|
26 knE( {\Srn <u })

Using Lemma 2.1 we obtain that

lim K, E(' Sraly {\sw| }) = /x<u|x|V(dw)

_ o 11—«
= (e

- 0 as u — 0.

IN

IN

Hence

lim lim sup I (u,n) = 0,

ul0 np—oo
which completes the proof, with the note that the a—stability of the process Wy(-)
follows from Theorem 14.3 in Sato [20] and the representation of the measure v in
(2.6). O

Remark 3.1. Theorem 3.2 covers a wide range of stationary sequences. In Bartkiewicz

et al. [2] are given some sufficient conditions for relation (3.2) to hold (see their The-

orem 1 and Section 3.2.2) and several examples of standard time series models that

satisfy these conditions, including m—dependent sequences, GARCH(1,1) process

and its squares, solutions to stochastic recurrence equations and stochastic volatil-

ity models. These conditions are:

(C1) The process (X,,) is regularly varying with index « € (0,2), i.e. for every

d > 1, the d—-dimensional random vector X = (Xy,..., X ) is multivariate
regularly varying with index «. This means that for some (and then for
every) norm || - || on R? there exists a random vector © on the unit sphere
S41 = {x € R¢: ||x|| = 1} such that for every u > 0 and as z — oo,

POIX| > e, X/IX] € )
P(IX] > «)

u ‘PO € ),

w .
where the arrow ”—” denotes weak convergence of finite measures.
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(C2) There exists a sequence of positive integers (r,) such that r, — oo, k,, =
|n/rn] — oo and for every x € R,

|§0n (7) — (¢nr, (x))k"

as n — 00, where ¢, (x) = Eeien'Si j=1,2,... and on(x) = Epn(x).
(C3) For every z € R,

—0

Tn

lim limsup — Y Elzan ' (S; - Sa) - zan X1| =0,
d—oo n—oo Tn ]:dJrl

where the sequence (7, ), is the same as in (C2) and for an arbitrary random
variable Z we put Z = (Z A2) V (=2).
(C4) The limits
lim nP(Sq > a,) =b4(d) and lim nP(Sq < —a,) = b_(d), d>1,
n—oo

n—oo
lim (by(d) —by(d—1))=cy and lim (b_(d)—b_(d—1))=c_
d—o0 d—oo
exists.
(C5) For a > 1 assume EX; = 0 and for a = 1,
lim limsupn |E(sin(a;15d))’ =0.
d—00 n—oo
With appropriate (and standard) assumptions, which are precisely described in
[2], the above mentioned time series models are strongly mixing with geometric
rate, which suffices the mixing condition A*(a,) to hold (see Proposition 4.1 be-
low). Therefore, for o € (0, 1), all conditions of Theorem 3.2 are satisfied and the
conclusion of the theorem follows. Naturally, for « € [1,2) one has also to verify
Condition 3.1.

4. APPENDIX

In this section we give some sufficient conditions for the mixing condition A4*(a,,)
and Condition 3.1 to hold. These conditions are principally based on the well
known strong or a—mixing and p—mixing conditions. Let (2, F, P) be a probability
space. For any o-field A C F, let Lo(A) denote the space of square-integrable,
A-measurable, real-valued random variables. For any two o-fields A, B C F define

a(A,B) =sup{|P(ANB) —P(A)P(B)|: A€ A, B € B}
and [E(XY) — EXEY]
A, B) = su _
p(A, B) p{ EXTEY?
Let now (X,,)nez be a sequence of random variables on (Q, F, P), and denote F} =
o({X;: k <i<I}) for —oo < k <1 < oco. Then we say the sequence (Xp), is
a—mixing (or strongly mixing) if

a(n) = sup a(}"ioo,fﬁn) -0
JEL

X € Ly(A),Y € LQ(B)}.

and p—mixing if A
p(n) = sup p(FL o, Fi%,) = 0
JEL
as n — oo. Note that when the sequence (X,,) is strictly stationary, one has simply
a(n) = a(F0 ., F), and similar for p(n).



12 DANIJEL KRIZMANIC

Proposition 4.1. Suppose (X,,) is a strictly stationary sequence of reqularly vary-
ing random variables with index o € (0,2), and (a,) a sequence of positive real
numbers such that nP(|X1| > a,) = 1 as n — co. Assume relation (3.2) holds for
some sequence of positive integers (ry) such that r, — oo and r,/n — 0 as n — oo,
and k, = |n/r,| = o(n') for some 0 <t < 1. If the sequence (X,,) is strongly miz-
ing with exponential rate, i.e. a, < Cp™ for some p € (0,1) and C > 0, where («y,)
is the sequence of a—mizing coefficients of (X,,), then the mizing condition A*(a,)

holds.

Proof. Let (I,,) be an arbitrary (and fixed) sequence of positive real numbers such
that I, ~ n9, ie. I,/n? — 1 as n — oo, where ¢ = min{l/a, (1 —¢)/(1 + a)}/2.
Let n be large enough such that [, < r, (note that for large n it holds that
I, < nt=t < rn). We break Xi,Xs,... into blocks of r, consecutive random
variables. The last [,, variables in each block will be dropped. Then we shall show
that doing so, the new blocks will be almost independent (as n — oo) and this will
imply relation (3.1) for the new blocks. The error which occurs by cutting of the
ends of the original blocks will be small, and this will imply condition (3.1) for the
original blocks also.

Take an arbitrary f € C;g (E). Since its support is bounded away from 0, there
exists some 7 > 0 such that f(x) = 0 for |#| < r, and since f is bounded, there
exists some M > 0 such that |f(z)| < M for all z € E. For all k,n € N define

k _
STmln = Xkrn—ln—i-l 4+ ...+ Xkrn~

Sf ;,, is the sum of the last [, random variables in the k-th block. By stationarity
we have

4 g1 Lo
- S S ln — S”'n_ln'

n Tn Ty by

SE, = Sr
This and the following inequality
|Egh — EgEh‘ S 401020[m,

for a F7 __ measurable function g and a F7%,, measurable function h such that
lg] < C1 and |h| < Cs (see Lemma 1.2.1 in Lin and Lu [14]), applied k,, times, give

kn kn,
\Eexp ( S5 fap'Sh - anlsfn,m) - (Eexp<—f<an1&-n_zn>>)

< Akpay, 1. (4.1)
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Then

]Eexp (- S Flast)) - (Eexp(—f(ailSm)))kn

k=1

< ‘Eexp( Zf (a, 'Sk ) )—Eexp< Zf (an' Sk — 157]?”7%))‘

k"L kTL
n ‘Eexp (- X sartst, —atst o)) - (Bew(-(e'sn. )
k=1

2

+ ‘(E exp(— f(anlsrn_m))k” - <Eexp<—f(an15m>>>

= Li(n)+ I(n) + I3(n). (4.2)

By Lemma 4.3 in Durrett [8] and stationarity we have
n k k k
71 -1 71
Il(n) S E(Z ‘6_ STH) —_— e_f(a STH Srnwln)|>
k=1

- knE|e—f<a;18rn> _ e—f(a,zlsr,rzn),

_ knE|e—f(a;15rn)(1_ef n Srn)—f(ay 1nfzn)>’

< k.E|1- ef(a,:lsrn%f(a;lsm_,n)|_
It can be shown that for any ¢ > 0 there exists a constant C' = C(t) > 0 such that
|1 —e™*| < Clzl, for all |z| < t.

Since for all z,y € E, |f(x) — f(y)| < 2M, there exists a positive constant C' such
that

Ii(n) < CkoElf(a;'Sr,) — flanSr, ). (4.3)
Further,

E[f(a;"Sy,) = flag"Sr,-1,)]
= E[lf(az'8r) = flag St ) artis,,, 11572y an 150, 157/4)]
+E[f(a" S -1) s, 1se/2y et sy, [<r/a)
+B[f(an " Sr) 15, 1<r/2y Han s, 51))

< Bllf(an'Sn) = Flan Srat) s, o 5r/2) Han 150, 15r/)])
151, | 1S,
MP MP 7). 4.4
+ < N 4 + o >2 (4.4)

Since the set S = {& € E : |z| > r/4} is relatively compact and any continuous
function on a compact set is uniformly continuous, it follows that for any € > 0 there
exists 6 > 0 such that | f(z) — f(y)| < € for all z,y € S such that p(x,y) < J, where
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p is the metric on E defined in (2.1). If |z| > r/2, |y| > r/4 and sign(z) = sign(y),
then z,y € S and

x| — |y 8
eyl 8 (45)

Define
gn(@,y) = |f(ay @) = flay y)l.

Let € > 0 be arbitrary. Then
B[|f(an'8r,) = fan ' Sru—t.) L aztis,. o (r/2) Lant|s,, |5r/a})

= E[gn (S, Sr—t) 1 az1s 1>1/2, a5t |S, [>r/4} Hsign(S,, —1,,) #sign(Sn, "

™™ —ln

In S”"n ) Srn_ln)l{a,fls >r/2, a;lsrn>r/4}1{a;1|STn—STn,ln |§6r2/8}]

rm—ln

In Srn ) STn_ln)l{a;lS <—7/2,a7" Sy, <—7"/4}1{a;1|SM —Srn—in |§6r2/8}]

+ E[ga(
+ E[ga(
+ E[gn(Srps Sr—t,) o1
+ Elga(

rn—ln

>r/2,an Sy, >r/4} 1{a;1 [Siy, —Srm —inm |>6r2/8}]

rn—ln

9n(Srs Sr—1, )41 <—r/2,a71 Sy, <—r/a} Yan Sy, —Sr, 1 I>5v2 8} )

rn—ln

By stationarity and relation (4.5) this is bounded above by
< 2MP(|S” = Sra-ta| > 3’")
a, 4

+ E[gn(Sr.., Srn—ln)l{a;l&»wn >r/23 a8, >/ p(an 80 0 S0, )gé}]

+ B[gn(Srus Sra-t ) fazs,, 1, <or/2y Han 8, </} Hotan S 4 S 1)<03)

_ 2
- 4MP<|S” Sractal 574)
an 8
2
< onp( Bl S8 p (Bl ST gyp (1Sl 0T
an 4 an 4 an 8
Therefore, from (4.3) and (4.4) we obtain
S S,
Ii(n) < 8MCknP<|l" > y> + eCknP(|"| > T), (4.6)
Ay, Qp, 4

where v = min{r/4,§r%/8} > 0.

Recall that, since X7 is regularly varying with index a € (0,2) it holds that
P(|X1| > 2) = 27 “L(z) for any & > 0, where L(-) is a slowly varying function. It
also holds that a, = n'/*L/(n), where L'(-) is a slowly varying function. Hence
taking an arbitrary 0 < s < min{a, a(l —¢t — ¢ — aq)/(1 — aq)}, we have

S, an\ * an
knP<|aln| > ’Y) < knlnP(|X1| > 'Yan/ln) = knln <’Yl> L<’Yl>

- knln (,‘Y;n) * Cn,
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_ (a7 (e
(l) L<Zn>'

Since ay,/l, — 00 as n — oo, by Proposition 1.3.6 in Bingham et al. [5] we have
that ¢,, — 0 as n — oco. Further

- <’)/(ln>8a B kn(ln)lJrafs B <ln>1+0‘5 k., nt(nq)1+afs

In O Y nd

where

nt ' ,Ya—sn(oz—s)/oc (L/(n))a—s

IN

li 14+a—s ki 1
nd nt ,yafsnp(L/(n))afs
where p = (o« — s)/a —t — (1 + a — s)q. It can easily be checked that p > 0. This

and the fact that [, ~ n? and k,, = o(n'), by Proposition 1.3.6 in Bingham et al.
[5], imply that kpl,(ya,/1,)*~* — 0 as n — co. Hence

kP(Sl ‘ >—>O as n — 0. (4.7)
QA
From relation (3.2) we obtain that, as n — oo,
S
k‘nP<|aT” > Z) —v({zeE:|z| >r/4}) =1 A < oc0. (4.8)

Thus from relations (4.6), (4.7) and (4.8) we obtain
limsup I1(n) < ACk,

n—oo

and since € > 0 is arbitrary, we have

lim I;(n) = 0. (4.9)

n—oo

From the assumption that (X,,) is strongly mixing with exponential rate it follows
that k,cq, +1 — 0 as n — oo, and hence from (4.1) we obtain

nlgr;o Iy(n) =0. (4.10)
Using again Lemma 4.3 in Durrett [8] it follows
Is(n) <k E|e*f(“ Sm) — g Fan )|,
Repeating the same procedure as for I1(n) we get

lim I3(n) =0. (4.11)

n—oo

Taking into account relations (4.9), (4.10) and (4.11), from (4.2) we obtain that, as
n — 0o,

Bexp ( - Zf (@'s5,)) - (Eexp(f(anlsm,)))kn 0,

and this concludes the proof. (I

Proposition 4.2. Suppose (X,,) is a strictly stationary sequence of regularly vary-
ing random variables with index of reqular variation o € (1,2), and (a,) a sequence
of positive real numbers such that nP(|X1| > a,) — 1 as n — oo. Let (r,) be
sequence of positive integers such that v, — oo as n — oo. If r, = o(n®) for some
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0<s<2/a—1, and the sequence (py) of p—mizing coefficients of (X,,) decreases
to zero as n — oo and

Z pLQj/3J < 00, (412)
j=0

then Condition 3.1 holds.
Proof. Let n € N and v > 0 be arbitrary. Define

Sk Sk
Zk—Zk(u n |S]73n‘< } E( T"l ISI;n‘< }) k € N.

. {

Take an arbitrary § > 0 and as in the proof of Theorem 3.2 define

ZZ’“‘ >5}

I(u,n) = [  fpax.
<j<

Corollary 2.1 in Peligrad [15] then implies

Ung knJ
I(u,n) < 8§~2C exp (8 3 ﬁLz_,»/sj) knE(Z2),
j=0

where (py) is the sequence of p-mixing coefficients of (Z;) and C' is some positive
constant (here we put log, 0 := 0). Now standard calculations show that for any
ke N,
Pk < P(k—1)rn+1s
and since the sequence (pg) is non-increasing, we have p; < pg. From this and
assumption (4.12) we obtain that
I(u,n) < CL6 %k, E(Z3}), (4.13)

for some positive constant L. Further we have

Sy |2 s,
E(Z?) < E(| a;| 1{%9&) —E(‘a7|1{\srn|< }1{0 {|Xi\§ua"}})
2
+ E(‘ m| {\srn <u }1{U7"n e bua"}})
= E(’;il Xil o, }‘ )+“2P(U{|X|>uan}) (4.14)
Note that

an

Xi|<uan _( X<uan)
(’ZX1{\\ }anX1{\| } Z( {‘X‘<u}>’)

E(I}) + 2E(L) I + I3, (4.15)

E(\;il{&gu}r)

where

" Xl <nant — B(Xilix <ua X
JA i Car R ALY (Xilgxilsuan)) o I2:ZE(671{@§“})-

a
i=1 n
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Since I; is a sum of centered random variables, by Theorem 2.1 in Peligrad [15] we
have

[logy rn ]

E(Il)<C’eXp<8 Z pLQJ/JJ(nu>Tn ( {‘X1‘< }> (4.16)

7=0

X;
for all n € N, where (p;(n, u)); is the sequence of p-mixing coefficients of (—1 LT

X
E( J 1X,1 <u})>j. Since the function f = f, ., : R — R defined by

a5
10 =1 ~B(o )

is measurable, it follows that

(—1{\){ \< }— (il ‘Xj‘gu})) gU(Xj)

an

(see Theorem 4 in Chow and Teicher [6]). From this we immediately obtain
pi(n,u) < pj, for all j,n € N and v > 0. Thus from (4.16), by a new applica-
tion of assumption (4.12), we get

E(I2) < CLwr, ( {\x1|<u})- (4.17)

Note also E(I;) = 0. Since a € (1,2) it holds that E|X;| < co. Hence

2
12 < Ma%

(4.18)

for some positive constant M. Now relations (4.14), (4.15), (4.17) and (4.18) imply

2
knE(Z2) < CLkyroE ( S, }) L n+u2k raP(IX1| > uay)

knr
:uz_nn

EXPL (0 <uany] +Mk nTh
u?a2 P(|X1| > uan)

-nP(|X1] > vay,) - [CL

7l

From this, using the regular variation property of X7, Karamata’s theorem and the
fact that k,r,/n — 1 and

knr2 ko Ty 1

= A 0
a2 n ns n2le=1-s(L/(n))2 -

as n — oo (here we used again the representation a, = n'/*L’(n), with L'(-) being
a slowly varying function at co) we obtain

CLa
: 2 < 2—« )
llisolip k.E(ZY) <u (2704 +1)
Letting u | 0, it follows that lim, ¢ limsup,,_,., k,E(Z?) = 0. Therefore, from
(4.13), we get

lim lim sup I(u,n) = 0,
uld n—oo

and Condition 3.1 holds. O
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Remark 4.1. A careful analysis of the proof of Proposition 4.2 shows that the addi-
tional condition on the sequence (r;,) (namely, 7, = o(n®) for some 0 < s < 2/a—1)
can be dropped if we assume that the random variables X; are symmetric, since then
we can directly apply Theorem 2.1 of Peligrad [15] to E(| Y07 an ' Xilg x,|<ua,} %)
and hence we do not need to introduce I (to which the additional condition on 7,
is related). This also holds for oo = 1.
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