ENDOSCOPIC TRANSFER FOR UNITARY GROUPS
AND HOLOMORPHY OF ASAI L-FUNCTIONS
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ABSTRACT. The analytic properties of the complete Asai L-functions attached to cuspidal auto-
morphic representations of the general linear group over a quadratic extension of a number field
are obtained. The proof is based on the comparison of the Langlands-Shahidi method and Mok’s
endoscopic classification of automorphic representations of quasi-split unitary groups.
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INTRODUCTION

In this paper we study the analytic properties of the complete Asai L-function attached to a
cuspidal automorphic representation of the general linear group over a quadratic extension of a
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number field. The approach is based on the Langlands-Shahidi method, combined with the knowl-
edge of the poles of Eisenstein series coming from a recent endoscopic classification of automorphic
representations of the quasi-split unitary groups by Mok [Mok].

In order to state the main result more precisely, we introduce some notation. Let E/F be a
quadratic extension of number fields, and let § be the unique non-trivial element in the Galois
group Gal(E/F). Let Ag and Ap be the rings of adeles of E and F, respectively. Let S be any
extension to A%, /E* of the quadratic character of Ay, /F* attached to E/F by class field theory.

For a cuspidal automorphic representation o of GL,(Ag), we denote by o its Galois conjugate
and by & its contragredient representation. We say that o is Galois self-dual if o =2 57, that is, o
is isomorphic to its Galois conjugate contragredient.

Let L(s,o,74) denote the complete Asai L-function attached to o and the Asai representation
r4 via the Langlands-Shahidi method. See Sect. 2.1 for a definition. Our main result on the
holomorphy and non-vanishing of the Asai L-function L(s,o,r4) is the following theorem (see
Theorem 4.3).

Theorem. Let o be a cuspidal automorphic representation of GL,(Ag). Let L(s,0,74) (respec-

tively, L(s,0 ® g, r4)) be the Asai (respectively, twisted Asai) L-function attached to o, where § is
any extension to AL /E* of the quadratic character of Ay/F* attached to the extension E/F by
class field theory.

(1) If o is not Galois self-dual, i.e., o % &%, then L(s,0,74) is entire. It is non-zero for
Re(s) > 1 and Re(s) < 0.
(2) If o is Galois self-dual, i.e., 0 = 7%, then
(a) L(s,o0,74) is entire, except for possible simple poles at s =0 and s = 1, and non-zero
for Re(s) > 1 and Re(s) < 0;
(b) exactly one of the L-functions L(s,0,74) and L(s,o ®3, r4) has simple poles at s =0
and s = 1, while the other is holomorphic at those points.

The idea of the proof is to consider the Eisenstein series attached to o on the quasi-split unitary
group Uz, (Ar) defined by the quadratic extension E/F, where o is viewed as a representation of
the Levi factor of the Siegel maximal parabolic subgroup of Us, in 2n variables. We look at the
contribution of this Eisenstein series to the residual spectrum from two different points of view.
On the one hand, by the Langlands-Shahidi method [Shal0], the poles of the Eisenstien series for
the complex argument in the positive Weyl chamber are determined by certain ratio of the Asai
L-functions. The residues at such a pole span a residual representation of Us,(Apr). On the other
hand, this residual representation should have an Arthur parameter, according to Mok’s endoscopic
classification of automorphic representations of quasi-split unitary groups [Mok] (see also [Art13],
[Art05]). Comparing the possible Arthur parameters and poles of Asai L-functions, we are able to
deduce the analytic properties of these L-functions.

Mok’s work, as well as Arthur’s, still depends on the stabilization of the twisted trace formula
for the general linear group. Hence, our result is also conditional on this stabilization. This issue is
being considered by Waldspurger [WalA], [WalB], [WalC]. In the paper, we always make a remark
when a partial result could have been obtained without using Mok’s work. In fact, the crucial insight
coming from endoscopic classification is holomorphy of the Asai L-function L(s,o,r4) inside the
critical strip 0 < Re(s) < 1.
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In a previous work [Grb11], the first named author applied this method to the complete exterior
and symmetric square L-functions attached to a cuspidal automorphic representation of GL,(Af).
It relies on Arthur’s endoscopic classification of automorphic representations for split classical
groups [Art13], [Art05]. The result and the approach are of the same nature as the above theorem
for Asai L-functions. The approach has also already been used in [JLZ13] as a part of a long term
project to study endoscopy via descent by Jiang, Liu and Zhang.

A different approach to describing the analytic properties of L-functions is that of integral rep-
resentations. However, this approach usually gives holomorphy of partial L-functions, which is
weaker than our result due to ramification or problems at archimedean places. For the exterior
square L-function this was pursued in [BF90], [KR12], [Bell2], for the symmetric square L-function
in [BG92] and more generally for twisted symmetric square in a series of papers [Tak14], [TakA],
[TakB], and for the Asai L-functions in [F1i88], [FZ95], [ARO5].

The paper is organized as follows. In Section 1 we introduce the unitary group structure and
fix the notation. In Section 2 the relation between poles of Eisenstein series on quasi-split unitary
groups and the Asai L-functions is investigated. Section 3 provides a definition of Arthur parameters
and packets for quasi-split unitary groups in terms of results of Mok. Finally, in Section 4 we prove
the main result on the analytic properties of Asai L-functions.

This paper was finalized during our visit to the Erwin Schrodinger Institute in Vienna for the
workshop Advances in the Theory of Automorphic Forms and their L-Functions. We are grateful
for the invitation and the ever stimulating atmosphere of the Erwin Schrodinger Institute. The
first named author would like to thank Goran Muié for some useful discussions.

1. THE QUASI-SPLIT UNITARY GROUPS

1.1. Definition and basic structure. Let E//F be a quadratic extension of number fields. The
non-trivial Galois automorphism in the Galois group Gal(E/F) is denoted by 0. Let Ng,p denote
the norm map from E to F. Let Ar and Ag be the rings of adeles of F' and FE, respectively, and
A% and A} the corresponding groups of ideles.

The quadratic character of Ay /F* attached to E/F by class field theory is denoted by dp JF-
We always identify dp/r with the corresponding character of the Weil group Wg of F under class

field theory. Let 5 be any extension of 0/ to a character of A% /E*. Such extension is not unique.

We denote by F,, the completion of F' at the place v. If a place v of F' does not split in E, we
always denote by w the unique place of E lying over v. Then, E,,/F, is a quadratic extension of
local fields. If v splits in F, we denote by w; and ws the two places of E lying over v. Then, we
have E,,, = E,, = F,. We use Fi to denote the product of F, over archimedean places.

For an integer N > 2, we consider in this paper the F-quasi-split unitary group Uy in N variables
defined by the extension E/F, viewed as an algebraic group over F'. More precisely, Uy is a group
scheme over F', whose functor of points is defined as follows. Consider € as an element of the
Galois group Gal(F'/F) trivial on F/E, where F is a fixed algebraic closure of F. Let V be an
N-dimensional vector space over E. We fix a form on V as in [KK04] and [KK05], that is, let

] _[?]n {)" ) , for N = 2n,
Iy, = and Jy = 0o 0 J,
1 0 1 0 , for N =2n+1.
—-J, 0 0
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Then, the functor of points of Uy is given by
Un(R) = {9 € GLpo,n(V ®r R) : "9.Jg = Ji}

for any F-algebra R, where *g = t¢¥ is the conjugate transpose of g. In particular, the F-points of
Upn are given as

Un(F) = {g € GLN(E) : *gJyg = J]’V}

Writing N = 2n if N is even, and N = 2n + 1 if N is odd, the F-rank of Uy in both cases equals
n > 1. For N = 1, the unitary group U; in one variable is obtained by inserting N = 1 in the
definition of Up. Its F-points are nothing else than

Ui(F)={z € E* : §(z)z =1},

which is the norm one subgroup E' of E*.

For m > 1, let G, = Resg/pGLy, be the algebraic group over F' obtained from the general
linear group GL,, over E by restriction of scalars from £ to F. If m < n, it appears in the Levi
factors of parabolic subgroups of Uy.

We fix the Borel subgroup Py of Uy consisting of upper-triangular matrices. Let Py = MyNp,
where My is a maximally split maximal torus of Uy, i.e., containing a maximal split torus of Uy
(see [Shal0O, Chapter I]), and Ny the unipotent radical of Fy. Then,

Mo ] Guxex G, for N = 2n,
0= Gi1 X+ xGyxUp, for N=2n+1,

with n copies of (G1, so that the F-points of My are given by

Mo(F) = diag(ty, ..., tn, 0(ty) "L, ..., 0(t)7Y) : t; € EX} , for N = 2n,
O Ldiag(t, . -y tn 8, 0(t) Y., 0(t1)7Y) s t; € EXt € EY} for N =2n+ 1.

Let Ag be a maximal F-split torus of Uy, which is a subtorus of My. Then,

Ao(F) = {diag(t1,... . tn, 51, ... t7") 1 t; € FX},  for N = 2n,
OTT {diag(ty, ..oy tn, Lt ot st € FX), for N=2n+ 1.

The absolute root system ® = ®(Uy, M) of Uy with respect to My is of type Ay_1. The root
system ®@,.4 = ®(Un, Ao) of Uny with respect to Ag is a reduced root system. It is of type C,, for
N = 2n and of type BC,, for N = 2n + 1. We make the choice of positive roots according to the
fixed Borel subgroup Py, and let A be the set of simple roots. We order the simple roots as in
Bourbaki [Bou68].

Let P be the Siegel maximal proper standard parabolic F-subgroup of Uy. That is, it is defined,
in a standard fashion, by a subset of simple roots obtained by removing the last simple root in the
Bourbaki ordering (cf. [Bou68] and [Shal0, Sect. 1.2]). Let P = MpNp be the Levi decomposition
of P, where

Mo Gp, for N = 2n,
P=Y G, xUy, for N=2n+1,

is the Levi factor, and Np the unipotent radical.
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1.2. L-groups. The L-group of Uy is a semidirect product
LUy = GLN(C) x W,

where Wy is the Weil group of F. It is acting on the connected component YUY = GLy(C)
through the quotient Wr/Wg = Gal(E/F). The action of the non-trivial Galois automorphism
0 € Gal(E/F) is given by
0(9) = Jy "9~
for all g € GLN(C).
The L-group of the Levi factor Mp is a semidirect product

Ly, — GL,(C) x GL,(C) x Wg, for N = 2n,
P~ GL,(C) x GL{(C) X GL,(C) x Wg, for N =2n+1,

where the Weil group Wr acts through the quotient Wr/Wg = Gal(E/F) on the connected
component of the L-group, and 6 € Gal(E/F) acts by interchanging the two GL,(C) factors.

2. EISENSTEIN SERIES AND ASAI L-FUNCTIONS

In this section we relate the analytic behavior of the Eisenstein series on the unitary group
supported in the Siegel parabolic subgroup to a ratio of the Asai L-functions appearing in its
constant term. For the study of analytic properties of the Asai L-functions, it is sufficient to
consider the even quasi-split unitary group Us,. However, for completeness and future reference,
we also study the Eisenstein series in the odd case.

We retain all the notation of Section 1. So, P is the Siegel maximal proper standard parabolic
F-subgroup of Uy, with the Levi factor Mp = G, if N = 2n is even, and Mp = G, x Uy if
N =2n+1is odd, and the unipotent radical Np. Recall that G,, = Resg,pGLn.

2.1. Asai L-functions. Let o be a cuspidal automorphic representation of Gy, (Ar) = GL,(AE)
and v a character of Uj(Ap) = AL trivial on U;(F) = E'. To make a convenient normalization
in the case of odd unitary group, as in [Rog90] and [Gol94, Sect. 6], we denote by U a unitary
character of GL,(Af) given by

v(g) = v(det(g*g™"))
for all g € GL,(Ag). Observe that det(g*g~!) is of norm one. Then we define a cuspidal automor-
phic representation ¥ of the Levi factor Mp(Ap) as

vl for N = 2n,

| (oP)®v, for N =2n+1.
More precisely, in the case of odd unitary group the action of ¥ is given by

2(g,t) = o(g)v(det(g"g~))w(t)
for g € GL,(Ag) and t € A}E. We always assume that X is irreducible unitary and trivial on
Ap(F)°, the identity connected component of Ap(F), where Ap is a maximal F-split torus
in the center of Mp. The last condition is not restrictive. It is just a convenient normalization,
obtained by twisting by a unitary character, which makes the poles of Eisenstein series real.

We define first the local L-functions. Let v be a place of F. By extension of scalars from F

to F,, we may view the unitary group Uy as an algebraic group over F,. This algebraic group

is denoted by Uy,. Then we have the parabolic subgroup P, of Uy, defined over F, with Levi
decomposition Mp,Np,, where Mp, is the Levi factor and Np, the unipotent radical.
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In the case of the even unitary group, i.e., N = 2n, the adjoint representation r, of the L-group
Lpg P on the Lie algebra anﬂ, of the L-group of Np, is irreducible for all places v of F. If v does
not split in F, then r, is called the Asai representation, as it generalizes the case considered by
Asai in [Asa77]. We denote it by r4,. This situation is labeled 2A9,_1 — 2 in the list of [Sha88,
Sect. 4] and [Shal0, App. C]. Explicit action of 4, is given in [Gol94, Sect. 3].

In the case of the odd unitary group, i.e., N = 2n + 1, the analogous adjoint representation is a
direct sum 71, @ ro, of two irreducible representations for all places v of F', ordered as in [Sha90].
If v does not split in E, then ry, is the twisted Asai representation r4, ® 0, /r,, where w is the
unique place of E lying over v. This situation is labeled ?As, — 3 in the list of [Sha88, Sect. 4] and
[Shal0, App. C].

For a cuspidal automorphic representation X of Mp(Ap), let ¥ = ®/ %, be a decomposition into
a restricted tensor product over all places. Let R, be one of the adjoint representations defined
above. Then the local L-functions L(s,%,, R,) attached to ¥, and R, are defined as follows.

e at archimedean places the Artin L-functions attached to the Langlands parameter of X, as
in [Sha85] (see also [Shal0, Sect. 8.2, and [Lan89] where the Langlands parametrization
over reals was first introduced),

e at unramified non-archimedean places given in terms of Satake parameters of 3, (cf. [Sha8§],
[Shal0, Def. 2.3.5], and also [HLR86] where Asai’s name came up first),

e at the remaining non-archimedean places defined using the Langlands-Shahidi method
[Sha90, Sect. 7] (see also [Shal0, Sect. 8.4]).

The corresponding global L-functions are defined as the analytic continuation from the domain of
convergence of the product over all places of local L-functions L(s, ¥, R,). According to [Lan71],
see also [Shal0, Sect. 2.5], the product over all places defining the global L-functions converges
absolutely in some right half-plane Re(s) > C, where C' is sufficiently large.

The global L-function obtained in this way from ¥ = ¢ = ®j0, and R, = ri, is denoted
by L(s,o,74) and called the Asai L-function attached to o. Its analytic properties are the main
concern of this paper.

The global L-function obtained from ¥ = ®; ¥, and R, = ra, is denoted by L(s,X,74 ® Op/F)
and called the twisted Asai L-function attached to X. In fact, it is the same as the Asai L-function
L(s,0 ® 5, r4) attached to o ® 5 (see [Gol94]). Hence, the analytic properties of the twisted
Asai L-function follow from the analytic properties of the Asai L-function attached to a twisted
representation. Recall that 5 is any extension of the quadratic character g, p to A%

Finally, as shown in [Gol94], the choice of the normalization of ¥ in the case of odd unitary
groups implies that the global L-function obtained from ¥ = ®! %, and R, = 71, is the same as
the principal L-function L(s, o) attached to o by Godement-Jacquet [GJ72]. Its analytic properties
are well known. It is entire, unless n = 1 and o is the trivial character 1 A% of A%. In that case

L(s,1 AE) is holomorphic except for simple poles at s =0 and s = 1.

2.2. Eisenstein series. For s € C and ¥ a cuspidal automorphic representation of Mp(Ap) as
above, let

Un(AF) s B
I(S, E) — IndJUDI(VAgf (U| det |E) ) fOI' N = Qn7
IndPJ&F)ﬂ (07| det |5 @ v), for N =2n+ 1,



ENDOSCOPIC TRANSFER FOR UNITARY GROUPS AND HOLOMORPHY OF ASAI L-FUNCTIONS 7

be the induced representation, where the induction is normalized. As in [Shal0, page 108], we
realize I(s,X) for all s € C on the same space Wy of smooth functions

f : Np(AF)MP(F)AP(FOO)O\UN(AF) — (C,

K-finite with respect to a fixed maximal compact subgroup K of Uy (Ap) compatible to P (as in
[MW95, Sect. 1.1.4]), and such that the function on Mp(Af) given by the assignment m — f(mg)
for m € Mp(Ar) belongs to the space of ¥ for all ¢ € Uy (Ar). The dependence on s € C is hidden
in the action of Un(AFp).

Given f € Wy and s € C, set

fs(9) = f(9) exp(s + pp, Hp(9))

for all g € Un(Ap). Here pp is the half-sum of positive roots not being the roots of Mp, and Hp
is a map

HP : UN<AF) — HOHI(X(MP>F,R>,

where X (Mp)p denotes the group of F-rational characters of Mp, defined on m = (my,), € Mp(Afp)
by the condition

exp(x, Hp(m)) = [ ] Ix(mo)lo

for every x € X(Mp)p, and extended via Iwasawa decomposition to Uy (Ap) trivially on the
unipotent radical Np(Ap) and the fixed maximal compact subgroup K (cf. [ShalO, Sect. 1.3]).
Then, the Eisenstein series is defined as the analytic continuation from the domain of convergence
Re(s) > pp of the series

E(f,s)9)= Y. fO@)epls+pp. Hp(ve)= Y.  f(19)

YEP(F)\Un (F) YEP(F)\Un (F)

for g € Un(AF). The Eisenstein series E( f, s) has a finite number of simple poles in the real interval
0 < s < pp, and all other poles have Re(s) < 0 (cf. [MW95, Sect. IV.1.11 and IV.3.12]). The residue
of the Eisenstein series E(f,s) at s > 0 is a square-integrable automorphic form on Uy (Ar), but
not cuspidal, thus belonging to the residual spectrum of Uy (Ap). In fact, such residues for all
f € Wy, span the summand of the residual spectrum of Uyn(Ap) with cuspidal support in ¥ (see
[MW95, Sect. I11.2.6] or [FS98, Sect. 1] for the decomposition of the space of automorphic forms
with respect to their cuspidal support).

2.3. Asai L-functions in the constant term. Now we prove that the poles of Eisenstein series
E(f,s)(g) for Re(s) > 0 coincide with the poles for Re(s) > 0 of the ratio of L-functions appearing
in its constant term.

Theorem 2.1. Let o be a cuspidal automorphic representation of Gn(Ap) = GL,(Ag) and v
a unitary character of Uy(Ar) = AL trivial on Uy(F) = E'. As in Sect. 2.2, form a cuspidal
automorphic representation ¥ of the Levi factor Mp(Afp) in Un. Then, the poles with Re(s) > 0
of the Eisentein series E(f,s) for some f € Wy, coincide with the poles with Re(s) > 0 of
L(2 Y ) y —
7L(1+ZZ;?"A)’ if N = 2n,

L(s,0) . L(25,0®3,T’A) . o
L(1+s,0) L(l—i—2s,m§§)3\,7“,4)7 Zf N =2n+1,
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where § is any extension to AL /E* of the quadratic character dp/r of A% /F* attached to E/F by
class field theory.

Remark 2.2. Observe the factor two appearing in the argument 2s of the Asai L-function in the
case of even unitary groups. The reason is that we have chosen, as in [Sha92], the determinant
character to normalize the identification with C of the complex parameter s in the Eisenstein series,
instead of the character & given in terms of the half-sum of positive roots and the coroot of the
unique simple root a not being a root of Mp, as in [Sha90].

Proof of Theorem 2.1. This is an application of the Langlands spectral theory, using the Langlands-
Shahidi method to normalize the intertwining operator.

The poles of Eisenstein series E(f, s) coincide with the poles of its constant term E(f, s)p along
P. The constant term is defined as

E(f.5)r() = | B(J, 9)(ng)dn,
Np(F)\Np(Ar)
where dn is a fixed Haar measure on Np(Ar). On the other hand, the constant term can be written
as

E(f,s)p(g) = fs(g) + (M(s,%,wo) f) _(9),

where M (s,%,wp) is the standard intertwining operator. Here wy is the unique non-trivial Weyl
group element such that wg(«) is a simple root for all simple roots a except the last one in the
ordering of [Bou68|.

As in [Shal0, page 109], the standard intertwining operator is defined as the analytic continuation
from the domain of convergence of the integral

M (s,%,wo)f(g) = (/N " )fs(wolng)dn) exp(s — pp, Hp(g)),

where g is a fixed representative for wg in Uy (F'). For s € C away from poles, the assignment
f = M(s,X,wp)f defines a linear map on Wy, which depends on s. It intertwines the actions
of I(s,%) and I(—s,%%°). Let o denote o conjugated by the non-trivial Galois automorphism
0 € Gal(E/F), that is, 0%(m) = o(m?) for all m € GL,(Ag). Note that in our case the conjugation
by wo amounts to taking &, where 7 is the contragredient of o. In the case of odd unitary groups
this means that X0 = 50 @ v (see [Gol94]).

It is clear from the expression for the constant term that the poles of the Eisenstein series are
the same as those of the standard intertwining operator. We apply the Langlands-Shahidi method
to normalize this operator. The normalizing factor in this situation, labeled 2As,,_; — 2 for the even
unitary group and 2As, — 3 for the odd unitary group in the list of [Sha88, Sect. 4] and [Shal0,
App. C], is given in terms of L-functions and corresponding e-factors as

L(2s,0,m4) —
L(1+25701TA)52425707TA)’ ~ for IV = 2n,
T‘(S, E, w()) = L(s,0) ] L(2s,090,r4) for N =2n+1

L(1+s,0)e(s,0) L(1+23,o®g,rA)5(23,0’@5,7",4) ’
The normalized intertwining operator

r(s, %, wo) " M (s, 3, wo)
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is holomorphic and not identically vanishing on I(s,X) for Re(s) > 0. This is essentially a local
fact proved in Lemma 2.3 below.

Assuming this fact, we now finish the proof. The holomorphy and non-vanishing of the normalized
operator implies that the poles of M (s, X, wg) for Re(s) > 0 coincide with those of (s, ¥, wp). Since
the e-factors are entire and non-vanishing for all s € C, these are the same as the poles of the ratios
of L-functions given in the theorem. O

2.4. Holomorphy and non-vanishing of normalized intertwining operators. It remains to
show the fact that (s, ¥, wo) "M (s, X, wp) is holomorphic and non-vanishing for Re(s) > 0. The
notation is as in the proof of the previous theorem. This is essentially a local problem, because
one can decompose over the places of F' the action of the standard intertwining operator acting on
a decomposable function using the fact that all ingredients are unramified at all but finitely many
places. Hence, the problem reduces to a finite number of ramified and archimedean places, which
is solved for each place separately.

We introduce some local notation first. Let ¥ = ®/ %, be the decomposition of ¥ into a restricted
tensor product, where in the case of odd unitary group ¥, = 0,0, ® v,. We denote the local
standard intertwining operator by M(s, ¥,,wp). It is defined as the analytic continuation of the
local analogue of the integral defining the global operator M (s, X, wq) (see the proof of Theorem
2.1). Let r(s, 3y, wp) be the local factor at v of (s, X, wp). We show in the lemma below that the
normalized local intertwining operator

N(87 Z”Ua wO) - T(S, Z”Ua wO)_lM(s7 Ev,'ll)())

is holomorphic and not identically vanishing on the local induced representation I(s, 3, for Re(s) >
0.

Lemma 2.3. Let ¥, be a local component of a cuspidal automorphic representation X of the Levi
factor Mp(AF) in the unitary group Uy. Then, for Re(s) > 0, the normalized local intertwining
operator N (s,%,,wq) is holomorphic and not identically vanishing on the induced representation
I(s,%,).

Proof. Consider first the case in which the place v of F splits in E. Then Uy(F}) is isomorphic to
GLyN(F,), and the Levi factor

GL,(F,) x GL,(F,), for N = 2n,
Mp(Fv) = {GL( )iGLl( F,) x GL,(F,), for N =2n+1.

Hence, the normalized operator considered in the lemma is attached to a unitary representation of
a Levi factor Mp(F,) in GLn(F,). The holomorphy and non-vanishing for Re(s) > 0 follow from
[MW89, Prop. 1.10].

We consider now the case in which the place v of F' does not split in E, and denote by w the
unique place of E lying over v. Then E,,/F, is a quadratic extension of local fields, and Uy (F}) is
the quasi-split unitary group in /N variables given by the extension E,,/F,. The Levi factor Mp(F,)
is isomorphic to
= GLy(Ew), for N = 2n,

~ GLn(Ey) x EL, for N=2n+1,
so that

$ o) Ow for N = 2n,
"7 (owly) @y, for N=2n+1,
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where o, is the local component of a cuspidal automorphic representation o of GL,(Ag) at the
place w of E, and v,, the local component of a unitary character v of A}E trivial on E'.

In particular, o, is unitary and generic, since it is a local component of a cuspidal automorphic
representation of GL,(Ag). Hence, by [Tad86] in nonarchimedean, and [Vog86] in archimedean
case, there is

e a standard parabolic subgroup ) of GL,, such that the Levi factor Mg of @ is isomorphic
to GLg, X --- x GLg,, where di +--- 4+ dy = n,
e unitary square-integrable representations ¢; of GLg,(E,,), for i =1,...,¢, and
e real numbers «; with 0 < |a;| < 1/2, fori=1,...,¢,
such that o, is isomorphic to the fully induced representation

~ GLyp(Ew a a
0w = Indg(p") )((mdet\ 1 ® - ® 6 det | e).

Let R be the standard parabolic F-subgroup of Uy with the Levi factor

Mo Gg, x -+ x Gy,, for N = 2n,
R= Gg, X ---xGq, x Uy, for N=2n+1,

so that R C P and Mg(F,) = Mg(E,) for N = 2n and Mg(F,) = Mg(Ey) x EL for N = 2n + 1.
Let
5= 0 ® - Q dy, for N = 2n,
Tl i ®--- Q6 Qv, for N =2n+1,

be a unitary square-integrable representation of Mg(F,), where 7; is the character of GLg,(E,)
given by D;(h;) = v(det(h; *h; 1)) for h; € GLg,(Ey).

By induction in stages, the intertwining operator N (s, ¥,,wq) coincides with the intertwining
operator

N((s—i—al,...,s—i—ag),d,wo)

acting on the induced representation

Ind%](vfgf)”) 81| det |51 @ -+ ® &p| det \”‘”), for N = 2n,
Ind%(N;S“) o101|det [T @ -+ - @ 0v| det [PT @ 1/), for N =2n + 1.

By Zhang’s lemma [Zha97] (see also [Kim00, Lemma 1.7]), the holomorphy of this last operator at
s implies non-vanishing. Hence, to show the lemma, it is sufficient to prove the holomorphy for
Re(s) > 0.

To prove the holomorphy for Re(s) > 0, we decompose the intertwining operator into a product
of intertwining operators as in [Sha81, Sect. 2.1]. If we show that each factor is holomorphic
for Re(s) > 0, then the product is holomorphic for Re(s) > 0 as well, and the lemma is proved.
The factors are normalized intertwining operators that can be viewed as intertwining operators on
representations induced from appropriate maximal proper parabolic subgroups in certain reductive
groups. In our case these rank-one factors are normalized operators

N(2s + o + aj, 6 ®g§),
for 1 <1 < j < /¥, acting on the induced representations

GLdi+d]' (Bw)

Inin’j(Ew)

8;] det |**% @ 67| det |5 ),
j
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where @) ; is the maximal standard proper parabolic subgroup of G'Lg;+4; with the Levi factor
GLg4; X GLy;, and normalized operators

N(s + ay, o), for N = 2n,
N(s+ ag, (0x7%) @ v), for N =2n+1,

for 1 < k </, acting on the induced representation

Indgial(lcfsjv) (Or| det [*+ek) for N = 2n,
U £ .
Inind(Igl)( ) (6rDk| det |5to% @ 1), for N = 2n + 1,

where (), is the maximal standard proper parabolic subgroup of Usg, with the Levi factor Gy, if
N = 2n, and of Uyg, 41 with the Levi factor Gy, x Uy if N = 2n + 1. We suppress the Weyl group
element from the notation for these intertwining operators, because they are always determined by
the maximal parabolic subgroup in question.

According to [Zha97, Sect. 2], the rank-one normalized intertwining operator is holomorphic
for real part of its complex parameter greater than the first negative point of reducibility of the
induced representation on which it acts. For Re(s) > 0, using the bound on «;, we have

Re(s +aj+aj) > —1 and Re(s+ag) > —1/2.

But these two bounds are precisely the first negative points of reducibility in the cases @Q;; C
GthLdj and @y C Uaq, or Usg, 1. This essentially follows from the standard module conjecture,
proved in [Vog78] for any quasi-split real group, and thus for complex groups as well, and in [Mui01]
for quasi-split classical groups over a p-adic field. In [CS98, Sect. 5| the reducibility points are
determined in terms of local coefficients over any local field. A convenient reference making explicit
the first reducibility points of such complementary series using local coefficients for any quasi-split
classical group over a local field of characteristic zero is [LMT04, Lemma 2.6 and 2.7]. For the
general linear group the reducibility is obtained in [Zel80] over a p-adic field, in [Spe82] over reals,
and in [Wal79] over complex numbers (see also [Kim00, Lemma 2.10]). For the unitary group over
a non-archimedean field it is obtained in [Gol94, Sect. 3 and 6], applying the general reducibility
result of [Sha90], while at an archimedean place, the L-functions in the local coefficient that control
reducibility are the L-functions of the restriction to R* of a character of C* (see [LMT04, Lemma
2.6]). Thus, the rank-one factors are all holomorphic and the lemma is proved. ]

Remark 2.4. Kim and Krishnamurty have proved in [KK04] and [KKO05] the holomorphy and non-
vanishing of normalized intertwining operators for a representation of the Levi factor of any maximal
proper parabolic subgroup of Uy, which is a local component of a generic cuspidal automorphic
representation. Since in our case all cuspidal automorphic representations of the Levi factor are
generic, Lemma 2.3 follows from their work. Their proof uses their stable base change lift and
bounds towards Ramanujan conjecture obtained by Luo-Rudnick-Sarnak [LRS99] to bound the
exponents on the unitary group. In our case these bounds are not required because our unitary
factor in the Levi is either trivial or rank zero. This simplifies the proof.

3. ARTHUR PARAMETERS FOR UNITARY GROUPS

Our next task is to introduce the notion of Arthur parameters and the endoscopic classification
of automorphic representations for the quasi-split unitary group Uy in N variables. We consider
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both even and odd case for completeness, although for the application to the analytic properties of
the Asai L-functions only the even case is required.

In a recent preprint of Mok [Mok], Arthur’s work [Art13] (see also [Art05]) is extended to the
case of quasi-split unitary groups. As in Arthur’s paper [Art04], we avoid the conjectural Langlands
group by describing the parameters in terms of irreducible constituents of the discrete spectrum
of general linear groups. For quasi-split classical groups this approach was taken by Moeglin in
[Moeg08].

3.1. Arthur parameters. Let ; be a Galois self-dual cuspidal automorphic representation of
GL,,(Ag). One of the crucial results in Mok’s proof of endoscopic classification of representations
in the discrete spectrum for quasi-split unitary groups is the uniqueness (up to equivalence) of the
twisted endoscopic datum associated to p. This is the content of [Mok, Thm. 2.4.2]. In fact, this
unique endoscopic datum is simple, thus, determining a unique sign k € {£1} attached to pu. The
parity of the endoscopic datum associated to y is then defined as x(—1)""1 (cf. [Mok, Sect. 2.4]).
Using parity we make the following definition as in [Mok, Thm. 2.5.4] (see also [GGP12]).

Definition 3.1. Let p be a Galois self-dual cuspidal automorphic representation of GL,,(Ag).
We say that p is Galois orthogonal (resp. Galois symplectic), if the parity of the unique twisted
endoscopic datum associated to p is +1 (resp. —1).

It turns out, as also proved by Mok, that this definition can be rephrased in terms of poles at
s =1 of the Asai L-function L(s, u,r4) attached to p.

Theorem 3.2 ([Mok, Thm. 2.5.4 (a)]). Let p be a Galois self-dual cuspidal automorphic represen-
tation of GLy,(Ag). Then, p is Galois orthogonal (resp. Galois symplectic) if and only if the Asai
L-function L(s, p,r4) (resp. the twisted Asai L-function L(s,,u@g, r4)) has a pole at s = 1, where
5 is any extension to Ay, /E* of the quadratic character dg p of Ap/F* attached to E/F by class
field theory.

We are now ready to define global Arthur parameters for the quasi-split unitary group Uy
in NV variables. We in fact define the square-integrable Arthur parameters, which, according to
[Mok, Thm. 2.5.2], parameterize global Arthur packets contributing to the discrete automorphic
spectrum of Un(Af). These parameters depend on the choice of certain character of Ay, trivial
on E*, that defines an L-embedding of the L-group of Uy into the L-group of G (cf. [Mok, Sect.
2.1]). Roughly speaking, this character determines whether we view parameters as the stable or
twisted base change of a representation in the discrete spectrum. Of course, the decomposition of
the discrete spectrum is independent of that choice, and we take it in this paper to be the trivial
character of A}, and suppress it from notation (see [Mok, Thm. 2.5.2]). The reason why Mok
considers all possible characters is that they are all required for the induction argument in the
proof of endoscopic classification.

Definition 3.3 (Arthur parameters). As before, let Uy be the quasi-split unitary group in N
variables given by a quadratic extension E/F of number fields. The set W5(Uy) of square-integrable
global Arthur parameters for Uy is defined as the set of all unordered formal sums of formal tensor
products of the form

¥ = ( ®y(n)) BB (e Br(ng)),
such that
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(i) p; is a Galois self-dual cuspidal automorphic representation of G Ly, (Ag), that is, u; = 11t
(ii) m; is a positive integer, and v(n;) is the unique n;-dimensional irreducible algebraic repre-
sentation of SLy(C),
(iii) ming +---+myng = N,
(iv) for i # j, we have p; 2 pj or n; # nj, that is, the formal sum ¢ is multiplicity free,
(v) representation pu; is Galois orthogonal (resp. Galois symplectic) if and only if integers n;
and N are of the same parity (resp. different parity).

According to Theorem 3.2, condition (v) is equivalent to the condition

(v') representation p; is such that the Asai L-function L(s, u;,74) (resp. the twisted Asai L-
function L(s, u; ®6,74)) has a pole at s = 1 if and only if integers n; and N are of the same
parity (resp. different parity).

3.2. Arthur packets. We proceed, following [Mok], to define the local and global Arthur packet
associated to a global Arthur parameter ¢ € Wo(Uy ). Every global Arthur parameter ¢ € Uy(Uy)
gives rise, as in [Mok, Sect. 2.3], to a local Arthur parameter v, for every place v of F. The local
Arthur packet II, is a finite multi-set of unitary irreducible representations of Uy (F,) associated
to 1, in [Mok, Thm. 2.5.1] and the discussion following it. There is a canonical mapping from
II,, to the character group of a certain finite group Sy, attached to 1, (for a definition see [Mok,
Sect. 2.2]). For m, € Il , we denote the corresponding character by 7,,. If Unx(F,) and m, are
unramified, then 7., is the trivial character. We are skipping here the details, because our main
interest is only in unramified places.
The global Arthur packet Il associated to 1 € Uy(Uy) is defined as

IL, = {®;7r1, : my € Iy, and 7y, is trivial for almost all v} .

The global packets II,; for all ¥ € Wo(Uy) contain all representations that can possibly appear
in the decomposition of the discrete spectrum on Uy(Ap). There is a subtle further condition
identifying elements of II,, that indeed appear in the discrete spectrum (for a precise formulation
see [Mok, Thm. 2.5.2]). We do not recall this condition, because for our purposes it is sufficient to
work with the full packets II.

We now compare a representation in the discrete spectrum on Uy (A ) and its Arthur parameter
at unramified places. Through the application to residual representations supported in the Siegel
maximal parabolic subgroup, this turns out to be crucial for the proof of holomorphy of the Asai
L-function inside the critical strip. Given

Y= (1 ®v(ng)) BB (e Xv(ng)) € a(Un),

with notation as in Definition 3.3, let S be a finite set of places of F', containing all archimedean
places and all non-archimedean places ramified in F, and such that for all places w of E lying above
some v € S all p;,, are unramified. Then, for v € S, we attach to ¢ a Frobenius-Hecke conjugacy
class

coth) = @f:l (c(iw) ® cw(v(ng))), if v is inert and v | w,
T (B (i) @ cun (), By (i) @ cun(v(ni)) ), if v splits into wy, wy,
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viewed as a semi-simple conjugacy class in the L-group of Gy over F,, where ¢(u;w) € GLp,(C)
is the Satake parameter, and

n;—1 n;—3 _ni—1
co(ving) = diag(au” 10 ovaw )

with g, the cardinality of the residue field of E,. Observe that q, = ¢? if v is inert in E, and
Guw, = Quw, = qp if v splits in E. The conjugacy classes ¢,(¢) for v ¢ S may be viewed as the
Satake parameters of the unramified constituents at places w of E lying above v of the induced
representation

ni—1 n1-3 -l
pi|det |72 @ pi|det| 2 ® - @ pi|det|T T ®

n2— n2
2

GLy (A 1 -3 no—1
N () ® gl det |2 @ -+ @ pg| det | T @ -

Indpay) pz| det |72 ¢ i e
Dpel det | T @ pre| det |77 @ -+ @ pugl det [Tz
where R is the standard parabolic subgroup of GLy with the Levi factor GLy,, X --- X GL;, X
GLypy X -+ X GLypy X -+ X GLyy,, X -+ X G Ly, with n; copies of G Ly, in the product, and p; are
unramified at v.

On the other hand, let 7 & ®/ m, be an irreducible automorphic representation appearing in the
discrete spectrum on Uy (Afr). Let S’ be a finite set of places of F', containing all archimedean
places, and such that for v ¢ S’, we have that Uy (F),) and =, are unramified. Then, for v ¢ 5,
the Satake isomorphism gives a Frobenius-Hecke conjugacy class ¢(m,) in the local L-group of Uy
over F,. However, we may view c(m,) as a conjugacy class in the local L-group of G through the
stable base change map of L-groups. This is consistent with our choice of the trivial character in
the definition of Arthur parameters.

According to the preliminary comparison of spectral sides of the trace formulas for Uy and
the twisted trace formula for GLy, carried out in [Mok, Sect. 4.3] (see also [Art13, Sect. 3.4]),
for every irreducible automorphic representation 7 of Uy (Ap) appearing in the discrete spectrum,
there is a unique corresponding parameter ¢ € Wo(Uy) such that the Frobenius-Hecke conjugacy
classes ¢, (1) attached to 1 coincide at almost all places with the classes ¢(m,) attached to 7. This
observation is the key to the following proposition.

Remark 3.4. Strictly speaking the preliminary comparison of trace formulas gives unique % in
a larger set of parameters U(Uy) (see [Mok| for a definition), but the full proof of endoscopic
classification shows that such i belongs to Uy(Uy).

Proposition 3.5. Let P be the Siegel maximal proper parabolic F'-subgroup of Us,. Let o be
a cuspidal automorphic representation of its Levi factor Mp(Ap) = GL,(Ag). If the induced
representation

Uan (A s
IndPZ(A(F)F) (o @ |det]},)

has a constituent in the discrete spectrum of Usy(Ap) for some s > 0, then its Arthur parameter is
b= oBy(2),
and in particular s = 1/2 and o is Galois self-dual.

Proof. Since an automorphic representation is unramified at almost all places, the local component
of an irreducible constituent 7 of the induced representation

Uan (A s
IndPQ(A(F)F) (o ®|det|;,)
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belonging to the discrete spectrum is the unramified representation with the Satake parameter,
viewed as a conjugacy class in the L-group of Go, as above,

c(ow) ® diag(qfu, q;s>; if v is inert and v | w,

c(my) =
! (c(awl) ® diag (qful,q;f) ,c(0y,) ® diag (quQ, q;j)) , 1if v splits into wq, wa,

for almost all places v of F. Recall that g, = ¢2 if v is inert, and qu, = qu, = ¢ if v splits. We
may also view c¢(m,) as the Satake parameter of the unramified constituent of the local components
at places w of F lying over v of the induced representation

GL n A S —S
IndQ(gE() £) <0| det [}, ® o|det |AE> ,

where (@ is the standard parabolic subgroup of GGLs, with the Levi factor GL,, x GL,,.

By the observation made just before the statement of the proposition, these Frobenius-Hecke
conjugacy classes ¢(m,), viewed as conjugacy classes in the L-group of Ga,, should match at almost
all places the conjugacy classes ¢,(¢) attached to the Arthur parameter ¢ € Wy(Uy) parameter-
izing w. As mentioned above, these ¢,(¢)) may be viewed as Satake parameters of the unramified
constituent at v of certain induced representation of G' Lo, (Ag). However, by the strong multiplicity
one for general linear groups [JS81, Thm. 4.4], matching of Satake parameters at almost all places
for induced representations of GLy(Ag) implies that the inducing data for these representations
are associate. Since @) is self-associate, this means that the parabolic subgroup R determined by
as above must be ), and thus that v is of the form

)
where k = 2s + 1. Since k = 2 by condition (iii) in Definition 3.3, it follows that s = 1/2. As ¢
appears in % it is necessarily Galois self-dual. U

4. HOLOMORPHY AND NON-VANISHING OF ASAI L-FUNCTIONS

In this section we prove the analytic properties of the Asai L-functions as a consequence of Mok’s
endoscopic classification of automorphic representations of a quasi-split unitary group [Mok].

4.1. Analytic properties of Eisenstein series. The first task is to determine the poles of Eisen-
stein series E(f,s) for Re(s) > 0. We now consider only the case of even quasi-split unitary group
Uap,.

Recall that for a cuspidal automorphic representation o of GL,(Ag), we let ¢ denote o conju-
gated by the non-trivial Galois automorphism 6 € Gal(E/F). We say that o is Galois self-dual if
it is isomorphic to &, where & is the contragredient of o.

Theorem 4.1. Let o be a cuspidal automorphic representation of the Levi factor Mp(Ap) =
GL,(Ag) in Us,. Then, the Fisenstein series E(f,s) on Us,(AR), constructed as in Sect. 2.2 from
functions f in the representation space W, on which induced representations I(s, o) are realized for
all s, is
(1) holomorphic for Re(s) >0, if o is not Galois self-dual,
(2) holomorphic for Re(s) > 0, except for a possible simple pole at s = 1/2, if o is Galois
self-dual.
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Proof. The Eisenstein series is holomorphic on the imaginary axis Re(s) = 0 (see [MW95, Sect.
IV.1.11]). Hence, we may assume Re(s) > 0. Suppose that the Eisenstein series E(f, s) on Us,(Ar)
has a pole at s = sy > 0 for some f € W, in the notation of Section 2. Since sg > 0, the residues
at s = sg of E(f,s) when f € W, span a residual automorphic representation of Us,(Ap). But this
residual representation is a constituent of the induced representation

Indg?’&(f)ﬂ (0 @ |det]).

By Proposition 3.5, its Arthur parameter is
b= o Ru(2),

where o is Galois self-dual and sg = 1/2. Therefore, the Eisenstein series E(f, s) is holomorphic for
Re(s) > 0, except for a possible pole at s = 1/2 if o is Galois self-dual, as claimed. The possible
pole is simple, by the general theory of Eisenstein series [MW95, Sect. IV.1.11] O

Remark 4.2. A significant part of Theorem 4.1 can be proved in a different way, without using
Mok’s work on the Arthur classification for unitary groups [Mok]|, which is based on the trace
formula, and still depends on the stabilization of the twisted trace formula for GL,.

For instance, if o is not Galois self-dual, the following general argument provides holomorphy
of the Eisenstein series for Re(s) > 0. By [HC68], see also [MW95, Sect. IV.3.12], a necessary
condition for the Eisenstein series E(f,s) to have a pole for Re(s) > 0 and some f € W, is that
o™ = . But in our case, 0®° = 5%, so that E(f,s) is holomorphic for Re(s) > 0 and all f € W,
if o is not Galois self-dual.

If o is Galois self-dual, there is a unitarity argument, which gives the analytic behavior of the
Eisenstein series for Re(s) > 1/2. However, the critical strip 0 < Re(s) < 1/2 remains out of reach.
For completeness, we include this argument in Sect. 4.3 below.

4.2. Analytic properties of Asai L-functions. The following theorem describes completely the
analytic properties of the Asai L-functions attached to a cuspidal automorphic representation o of
GL,(Ag). It is the main result of the paper.

Theorem 4.3. Let o be a cuspidal automorphic representation of GLy(AEg). Let L(s,0,74) (re-
spectively, L(s,o ® g, r4)) be the Asai (respectively, twisted Asai) L-function attached to o, where
§ is any extension to A% /E* of the quadratic character of Ay, /F* attached to the extension E/F
by class field theory.
(1) If o is not Galois self-dual, i.e., o % &%, then L(s,0,74) is entire. It is non-zero for
Re(s) > 1 and Re(s) < 0.
(2) If o is Galois self-dual, i.e., 0 = 7%, then
(a) L(s,o0,74) is entire, except for possible simple poles at s =0 and s = 1, and non-zero
for Re(s) > 1 and Re(s) < 0;
(b) exactly one of the L-functions L(s,0,74) and L(s,o ®3, r4) has simple poles at s =0
and s = 1, while the other is holomorphic at those points.

Proof. The idea of the proof goes back to [Sha81], [Sha88]. The proof of holomorphy is based on
Theorem 2.1, which relates the poles of Eisenstein series to the Asai L-functions, and Theorem
4.1 providing the analytic behavior of the Eisenstein series. The non-vanishing, on the other hand,
follows from considering the non-constant term of the Eisenstein series as in [Sha81], see also [Shal0,



ENDOSCOPIC TRANSFER FOR UNITARY GROUPS AND HOLOMORPHY OF ASAI L-FUNCTIONS 17

Sect. 7], and using Theorem 4.1 again. It is sufficient to prove the claims for Re(s) > 1/2, due to
the functional equation for Asai L-functions.

We begin with the proof of holomorphy. Consider first the case of o not Galois self-dual. Accord-
ing to Theorem 4.1, the Eisenstein series attached to o is holomorphic for Re(s) > 0. Assume that
L(s,0,74) has a pole for s = sy > 0. Since the poles of E(f,s) for Re(s) > 0 coincide, according
to Theorem 2.1, with the poles of the ratio

L(2s,0,74)
L(1+2s,0,14)’

(%)

the pole of the numerator at 2s = sg > 0 should be canceled by a pole in the denominator. Thus,
L(z,0,r4) should have a pole at z = sy + 1. Repeating this argument, we obtain a sequence of
poles of the Asai L-function of the form sy + M, where M is any non-negative integer. This is a
contradiction, because L(s, o, r4) is holomorphic in the right half-plane of absolute convergence of
the defining product. Thus, we proved that L(s,o,74) is entire.

Consider now the case of o Galois self-dual. By Theorem 4.1, the Eisenstein series E(f,s)
attached to o is holomorphic for Re(s) > 0, except for a possible simple pole at s = 1/2. The same
argument as in the previous case implies that L(z,0,74) is holomorphic for Re(z) > 0, except for
z = 1 if the Eisenstein series has a pole at s = 1/2.

To prove that a possible pole of L(z,0,74) at z = 1 is at most simple, we again apply a similar
argument. Suppose E(f,s) has a pole at s = 1/2. It is simple by Theorem 4.1. If L(z,0,7r4)
had a higher order pole at z = 2s = 1, then Theorem 2.1 would imply that there is a pole in the
denominator of the ratio of Asai L-functions in Equation (). But this would mean that the Asai
L-function has a pole at z+ 1 = 2. The Eisenstein series is holomorphic at s = 1, so that the same
argument as before gives a sequence of poles at all positive integers, which is a contradiction.

For non-vanishing, consider the non-constant term FE(f, s),, of the Eisenstein series F(f, s) with
respect to a fixed non-trivial additive character ¢ of F\Ap. According to [Shal0, Thm. 7.1.2], we
have

B 94(0) = s ges [T e

where e and e, are the identity matrices, W, is the v,-Whittaker function attached to f via
a Jacquet integral, S is a finite set of places, containing all archimedean places, outside which
Usn(Fy), 0, and 1, are all unramified, and L°(z,0,74) is the partial Asai L-function attached to
o. As in [Shal0, Sect. 7.2], there is a choice of f € W, such that W,(e,) # 0 for all v € S.
Thus, every zero of L°(1 + 2s,0,74) for Re(s) > 0, i.e. Re(l + 2s) > 1 would give a pole of
the non-constant term E(f, s),. However, by Theorem 4.1, the Eisenstein series E(f, s), and thus
E(f,s)y as well, is holomorphic for Re(s) > 0, except for a possible pole at s = 1/2, which may
occur only if o is Galois self-dual. Hence, L(z,,74) has no zeroes for Re(z) > 1, except possibly
for z = 1. Since the local L-functions are non-vanishing, the same holds for the complete Asai
L-function L(z,0,74).

For o Galois self-dual, the non-vanishing of L(z,0,74) at the remaining point z = 1 follows from
the identity

L(s,0 x 0) = L(s,0,74)L(s,0,74 ® 0p/F), (%)
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where L(s,o x o) is the Rankin-Selberg L-function, and recall that the twisted Asai L-function
equals

L(s,0,m14®dg)p) = L(s,0 ®g,734).

See [Gol94] for these identities. The poles of the Rankin-Selberg L-function L(s,o x ¢?) are known
from [JS81]. For o Galois self-dual it has a simple pole at s = 1. Since 0 ® § is Galois self-dual
as well, we already proved that both Asai L-functions on the right-hand side of (%) have at most
simple pole at s = 1. Hence, they are both non-zero at s = 1, and exactly one of them has a simple
pole at s = 1, as claimed. O

Remark 4.4. Once the holomorphy of the Asai and twisted Asai L-function is known at some sg
with Re(sg) > 0, the argument using the Rankin-Selberg L-function at the end of this proof can be
applied directly to obtain non-vanishing. However, the result of Jacquet-Shalika [JS81] providing
analytic properties of the Rankin-Selberg L-functions is very deep, and we preferred to give an
argument using non-constant term of the Eisenstein series whenever possible.

4.3. Holomorphy of Eisenstein series using a unitarity argument. We now give a different
proof that the Eisenstein E(f, s), attached to a Galois self-dual cuspidal automorphic representation
o of GL,(AF) as above, is holomorphic for Re > 1/2, except for a possible simple pole at s = 1/2.

It is sufficient to prove that E(f,s) is holomorphic for Re(s) > 1/2. Indeed, since we always
normalize o to be trivial on Ap(F)°, the poles of the Eisenstein series are real. Hence, the
only possible pole for Re(s) = 1/2 is at s = 1/2. It is at most simple pole, because all poles of
Eisenstein series inside the closure of the positive Weyl chamber are without multiplicity [MW95,
Sect. IV.1.11].

Suppose that there is a simple pole of E(f,s) at s = sp > 1/2. We follow an idea of Kim [Kim00)]
based on the fact that residual representations are unitary. The space of residues of E(f,s) at
s = sp is a residual representation of Us, (Ap), which is a constituent of the induced representation

I(s0,0) = Indp ) (o] det [32)
In particular, this residual representation is unitary, so that the induced representation should have
a unitary constituent. But then the local induced representation at every place v should have a
unitary subquotient. Let v be a split non-archimedean place of F' such that ¢, is unramified. The
local induced representation at v is isomorphic to

GLon(Fy)

I(sp,00) = Indp 2"

(0wl det |22 @ G| det [77),

where w; and wq are the two places of E lying above v. Since 0y, and o0y, are unramified unitary
generic representations of GL,,(F),), according to [Tad86], they are fully induced representations of
the form

~ GL,,(Fy _ _
Ow, = IndBn(}gv))(uﬂ|a1®"'®,uk:| @1 @ @x1 @l T @@ ml[TM),
=~ ~J GLnF'U ’ — ’ —
Guy = TG (W] 1P e @ ] P @ X @@ X @ gl [ ] ),
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where B, is a Borel subgroup of GL,, the exponents satisfy 0 < ap < -+ < a3 < 1/2 and
0< B <---<p1<1/2,and p;, 1, x;j, X; are unramified unitary characters of F,*. Hence,

Ml’ |so+a1 QR Mk‘ ’80+ak ® X1| |so R ® Xl| |30®
~ GL2’IL(F’U) Mk‘ ’SO—ak ® . o ® /’Ll‘ ’30_a1®
I =~ Ind
(SOaO'v) 1 Bon (Fv) Nlﬂ ‘*SO‘FBI ®...®M;€,‘ ’fsoJrﬁk/ ®X/1’ ’780 ®"'®X;/‘ ‘*80®
| |75 @ - @ | |70~

According to the description of the unitary dual of G Ly (F,) [Tad86], this representation would
have a unitary subquotient, only if all the exponents whose absolute value is not smaller than 1/2,
induced with another character to a representation of G Ly(Fy), give a reducible representation with
a unitary quotient of Speh type. However, this is possible only if for every such exponent that is
not less than 1/2 in absolute value, there is another exponent such that their difference is exactly
1.

Having this in mind, consider the largest exponent in the above induced representation. We
write this exponent as sg + a1, and allow the possibility a; = 0, which happens in the case k =0
as there are no o;’s. There should be another exponent of the form —sg+ 3, where 5 = j3; for some
j or 8 =0, such that

(S(] + 061) — (—80 + ﬁ) =1.
But this implies
230 + a1 F /6 = ]-7

which is possible for sp > 1/2 only if the sign of § is minus and «; < 3. As beta is certainly
not greater than the largest of 3;’s, it follows that necessarily ay < B1. However, considering the
smallest exponent in the induced representation, that is, —sg — 81, where again 3 is set to zero if
[ = 0, we obtain the opposite inequality, 51 < «j1. This is a contradiction, proving that I(sg, o)
has not a unitary subquotient for sy > 1/2, and therefore, the Eisenstein series F(f, s) has no pole
for Re(s) > 1/2, as claimed.
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