ON A RELATION BETWEEN RESIDUAL SPECTRA OF SPLIT CLASSICAL
GROUPS AND THEIR INNER FORMS

NEVEN GRBAC

INTRODUCTION

This paper is concerned with the residual spectrum of the hermitian quaternionic classical groups
G! and H], defined as algebraic groups for a quaternion algebra over an algebraic number field in
Section 1. Groups G/, and H], are not quasi-split. They are inner forms of the split groups SOy, and
Span. Hence, the parts of the residual spectrum of G}, and H,, obtained in this paper are compared
to the corresponding parts for the split groups SOy, and Sps,. The problem of comparing the
residual spectra of split groups and their inner forms is still open even for the general linear group
as mentioned in [3] and Section 25 of [2].

For quasi—split groups there are many papers regarding the residual spectrum. Among them are
the papers by Moeglin and Walspurger [24], Meeglin [21], [22], [23], Kim [14], [15], [18], Zampera
[40], Kon—No [19]. For quasi-split groups in those papers the Langlands—Shahidi method described
in [31] and [32] gives the normalization of the intertwining operators by L—functions required in the
application of the Langlands spectral theory explained in [20] and [25].

Although, in principle, the results of this paper could be obtained using the Arthur trace formula
explained in [2], the strategy of this paper is a more direct approach of the Langlands spectral theory
and the Arthur trace formula is not used at all. However, the groups G/, and H/, considered in this
paper are not quasi-split. Hence, they are out of the reach of the Langlands—Shahidi method and
we had to develop a new technique in order to define the normalization of the intertwining operators
and prove the required holomorphy and non—vanishing of the normalized intertwining operators.
It is based on the lift of representations defined using the Jacquet—Langlands correspondence of
[7] keeping the Plancherel measure invariant. This technique, as well as the first calculation of
the residual spectrum for a non—quasi-split group, was used in the author’s paper [8] where the
principal series part of the residual spectrum for the group G of the semi-simple rank 2 was
constructed. The invariance of the Plancherel measure was used for the first time by Mui¢ and
Savin in [30] to obtain the complementary series coming from a supercuspidal representation of
the Levi factor of the Siegel parabolic subgroup for the local p-adic G}, and H},. Their global idea
for transferring the Plancherel measures between the split groups and their inner forms does not
work for inner forms of the split groups SO4p+2 and Spanto and that is the reason why this paper
restricts its attention only to inner forms of SOy, and Sp4,.

The main results on the residual spectrum of Gj, and H,, are obtained in Theorem 2.2 and its
Corollary 2.3 of this paper. They show certain ambiguities of quaternionic groups such as the
condition on the non—triviality of the local components at all non—split places in case (ii) for the
group H/,. The reason for that lies in a different form of the local normalization factors at split and
non—quasi—split places. The comparison of the parts of the residual spectrum obtained in Theorem
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2.2 and the corresponding parts of the residual spectrum for split groups SOy, and Spy, is given
in Theorem 2.4 and Corollary 2.5.

A simple consequence of Theorem 2.2 is Corollary 2.7 showing the unitarizability of the duals
under the Aubert—Schneider—Stuhler involution defined in [4] and [34] of the principal series Stein-
berg representations of hermitian quaternionic classical groups H], and G, defined for a quaternion
algebra over a local field of characteristic zero. Namely, these duals are the local components of
automorphic representations belonging to the residual spectrum obtained in Theorem 2.2. This
idea of solving the unitarizability question for local representations using the fact that they are the
local components of an automorphic representation belonging to the residual spectrum was used
for the first time by Speh in [33] for archimedean fields and by Tadié¢ in [35] for non-archimedean
fields.

The paper is divided into two Sections. In Section 1 the normalization factors of the intertwining
operators are defined and the required holomorphy and non—vanishing of the normalized intertwin-
ing operators is proved. This is done first for the local intertwining operators at a split place for
generic and non—generic representations in Subsections 1.1 and 1.2 and at a non—split place in
Subsection 1.3. Finally, the global normalization factors are obtained as the products of the local
ones in Subsection 1.4.

Section 2 is devoted to the construction of the certain parts of the residual spectrum of the groups
G!, and H], coming from the minimal parabolic subgroup. The main results are Theorem 2.2 and its
Corollary 2.3, as well as the comparison with the parts of the residual spectrum for split SOy, and
Sp4y in Theorem 2.4 and Corollary 2.5. The unitarizability of the Aubert—Schneider—Stuhler duals
of the principal series Steinberg representations of the local G, and H], is obtained in Corollary
2.7.

During the calculation of the poles of the Eisenstein series we always assume that they are real.
There is no loss in generality because that can be achieved just by twisting a cuspidal automorphic
representation of a Levi factor by the appropriate imaginary power of the absolute value of the
reduced norm of the determinant. Hence, this assumption is just a convenient choice of coordinates.

We should remark that in this paper the usual parabolic induction from a standard parabolic
subgroup P of G with the Levi decomposition P = M N will be denoted by Ind§; instead of Ind%.
This will not cause any confusion since all the parabolic subgroups appearing in the paper are
standard.

This paper is an outgrowth of author’s Ph.D. thesis. I would like to thank my advisor G. Muié
for many useful discussions and a constant help during the preparation of this paper. I would like
to thank M. Tadi¢ for supporting my research and for his interest in my work. The conversations
with H. Kim and E. Lapid were useful in clarifying several issues in automorphic forms and with I.
Badulescu in the representation theory of G L,, over division algebras. Also I would like to thank my
friend M. Hanzer for many useful conversations on the local representation theory of the hermitian
quaternionic groups. And finally, I would like to thank my wife Tiki for her infinite love and
support.

1. NORMALIZATION OF INTERTWINING OPERATORS

Throughout this paper let £ be an algebraic number field, &, its completion at a place v and A
its ring of adeles. Let D be a quaternion algebra central over k and 7 the usual involution fixing
the center of D. Then D splits at all but finitely many places v of k, i.e. at those places the
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completion D ®y, k, is isomorphic to the additive group M (2, k,) of 2 x 2 matrices with coefficients
in k,. At finitely many places v of k where D is non—split the completion D ®j k, is isomorphic
to the quaternion algebra D, central over k,. The finite set of places of k where D is non—split is
denoted by S. The cardinality of S, denoted by |S]|, is even for every D.

The group of invertible elements of D regarded as an algebraic group over k is denoted GL.
At a split place v ¢ S it is isomorphic to GL)(k,) = GLa(k,), where GLo is the split group of
invertible 2 x 2 matrices. At a non-split place v € S it is isomorphic to GL (k,) = DJ.

Let det’ denote the reduced norm of the simple algebra D ®j A and det! the corresponding
reduced norm at a place v. If v & S is split, then det! = det, is just the determinant for 2 x 2
matrices, while if v € S is non—split, then det is the reduced norm of the quaternion algebra D,,.
The absolute value of the reduced norm det’ and det! is denoted by v.

Let V' be a 2n—dimensional right vector space over D. We fix the basis {ej,...,e,} of V. Then
(€i,€5) = 0ion—j+1 for 1 <7 < j < n defines a hermitian form on V' by

(v,v") = er((v,v)) and (vz,v'z’) = 7(x)(v,v")2’

for all v,v" € V and z,2’ € D, where € € {£1}. The group of isometries of the form (-,-) regarded
as a reductive algebraic group defined over k will be denoted by G/, if e = —1 and by H], if e = 1.
Then, G, is an inner form of the split group SOy, while H/ is an inner form of the split group
Span. Hence G, (ky) = SOy (ky) and H) (ky) = Span(ky) for every place v & S.

The maximal split torus over k for both, G, and H}, is isomorphic to GL; x ... x GLy with n
copies of GLj. The minimal parabolic subgroup P defined over k of both, G), and H), has the
Levi factor M) = GL} x ... x GL} with n copies of GL}.

The Weyl groups W’ for G!, and H], with respect to the maximal split torus are the same. For
the corresponding split case My = GLy X ...xX GLg in SOy, or Spyy, let W (Mj) denote the subgroup
of the Weyl group W consisting of elements fixing the Levi factor My. Then W' = W (M) and we
will use just the symbol W’ in the sequel.

Let af = X (M) ®z C denote the complexification of the Z-module X (M) of k-rational char-
acters of Mj. We fix the basis of af consisting of the reduced norms for every copy of GL). Hence,
ag is an n-dimensional complex vector space and in the fixed basis we denote its elements as
s=(s1,...,5) € C". In the split case of My in SOy, and Sps, the space af. is the same.

Before proceeding to the normalization we define the local and global lift of representations from
GL) to the split GLo. It is given by the Jacquet-Langlands correspondence explained in Section 8
of [7]. More precisely, let ¢’ = ®,07, be a cuspidal automorphic representation of GL(A) which is
not one-dimensional. Then, at non-split places v € S the local lift o, of o], is the square-integrable
representation of GLy(k,) defined by the character relation as in Theorem (8.1) of [7]. At split
places v € S we have GL) (k) = GLa(k,) and the local lift is just o, = o. The global lift of ¢’ is
defined using the local lifts as o = ®,0,. By Theorem (8.3) of [7] the global lift ¢ is isomorphic to
a cuspidal automorphic representation of GL2(A). Hence, its local components o, are generic.

Let x o det’ = ®, (Xv o det;) be an one-dimensional cuspidal automorphic representation of
GLj(A). Here x, are unitary characters of kX and y is a unitary character of A*/k*. Then
the global lift of x o det’ is just the one-dimensional representation y o det = ®, (, o det,) of
GLs(A). It belongs to the residual spectrum of GL2(A). At a non-split place v € S the local lift of
Xv o det! is defined by the Jacquet-Langlands correspondence as in Theorem (8.1) of [7] to be the
Steinberg representation of G Ly(k,) twisted by xy, i.e. the unique irreducible subrepresentation of
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the induced representation

GLa(ky) 1/2 —1/2
In dGLf(kv)xGLl(kv) (Xv’ | / ® Xol - | / ) )

where | - | is the absolute value on GL;(k,) = k5. We denote this representation by St,,. Observe
that by our definition in this case the global and local lifts are not consistent. The reason is that
the global lift is supposed to be in the discrete spectrum of GLy(A), while the local lift should
preserve the Plancherel measure.

This Section is devoted to the definition of the scalar normalization factors for the standard
intertwining operators appearing in the constant term of the Eisenstein series attached to a cuspidal
automorphic representation of the Levi factor M} (A) of the minimal standard parabolic subgroup P}
of G}, and H/. The main requirement of the normalized intertwining operators is to be holomorphic
and non—vanishing 'deep enough’ in the positive Weyl chamber so that the poles of the standard
intertwining operators are captured in the normalizing factors. The expression ’deep enough’ is
made precise in the statements of the results below.

The normalization is obtained separately for the local normalized intertwining operators at every
place v. We distinguish three cases: a split place where the representation is generic, a split place
where the representation is not generic and a non—split place. Every case is treated in a separate
Subsection below.

1.1. Generic split case. Let v be a place of k where D splits, i.e. v € S, and let G be a classical
split group defined over k,. Fix the set of positive and simple roots of G and a nontrivial continuous
additive character 1, of k,. For a 1, —generic representation of the Levi factor M (k,) of a parabolic
subgroup P of G the normalization factor of the standard intertwining operators is obtained using
the Langlands—Shahidi method in [32]. We recall the definition here for the convenience of the
reader. For more detailed exposition see the original paper [32] or consult Section 1.1 of [8].

First, let P be the maximal proper parabolic subgroup corresponding to the subset of the set
of simple roots obtained by removing the simple root «. For a 1,—generic representation m, of its
Levi factor M (k,) and the unique nontrivial element w of the Weyl group such that its action on
the set of simple roots keeps simple all the roots in the subset defining P, the normalization factor
of the standard intertwining operator

A(sa, my, w)
acting on the induced representation
I(s&,my) = Ind ({5 (my ® [sa(1)]),
is defined to be

¢
(1) r(sa, my, w H (is WU’.n)

Pl L(1 + is, 771,,7’1)6(18,7%#"1'»7/)1))

for s € C. Here,

= (pp, ") pp,
where pp equals the half of the sum of the positive roots of G not being the roots of M and
we write s& = @ ® s € aj, ¢ for s € C. The L-functions and e—factors are the ones defined by

Shahidi in Section 7 of [32] and 7; are the irreducible components, indexed as in [32], of the adjoint
representation r of the Langlands dual group of the Levi factor M on the Langlands dual Lie
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algebra of the Lie algebra of the unipotent radical of P. The normalized intertwining operator
N (sa, my, w) is given by
A(sa, my, w) = r(sa, my, w) N (sa, my, w).
Once the normalization is defined for the maximal proper parabolic subgroup case, the normal-
ization factor

T(ﬁ» Ty, w)

for a 1,—generic representation m, of a general proper parabolic subgroup Py with the Levi factor
My and s € aj, ¢ is defined as the product of the normalizing factors for the maximal proper
parabolic cases appearing in the decomposition, according to a reduced decomposition of w into
simple reflections, of the standard intertwining operator A(s,m,,w) given in Section 2.1 of [31].
Although a reduced decomposition of w into simple reflections is not unique, the normalizing
factor is independent of the choice of such decomposition. The normalized intertwining operator
N(s,my,w) is again defined by

A(s, iy, w) = (8, Ty, w)N (8, Ty, w).

We recall the main result of [39] (see also Proposition 1.3 of [8]) showing the holomorphy and non—
vanishing of the normalized intertwining operator N (s, m,,w) in a certain open set slightly bigger
than the closure of the positive Weyl chamber for a tempered ,—generic representation .

Proposition 1.1. Let Py be the proper parabolic subgroup of G corresponding to a subset 6 of the
set of simple roots and w an element of the Weyl group W such that w(0) is also a subset of the
set of simple roots. Let m, be an irreducible 1, —generic tempered representation of the Levi factor
My(ky). Then the normalized intertwining operator

N(§a T, ’LU)
is holomorphic and non—vanishing for s € a}‘wc such that
(Re(s),a") > —1/t,  foralla € <I>:;79,

where {, is the length of the corresponding adjoint representation ro in the decomposition of the
standard intertwining operator given in Section 2.1 of [31] and @;w is the set of all the positive
roots a such that wa is a negative root.

Finally, we have to a consider non—tempered unitary w,—generic representation. This will be
done just for representations m, = 01, ® ... ® op of Mo(ky) = GLa(ky) X ... x GLa(ky) in the
split SOuy, (ky) or Span(ky).

Proposition 1.2. Let Py be the standard parabolic subgroup of the split group SOy or Spyn with
the Levi factor My = GLg X ... X GLy. Let my = 01, ® ... ® op,p be an irreducible unitary
non—tempered generic representation of My(ky,). Then, for every w € W (M), the normalized
intertwining operator

N(ﬁa 7T’U7 w)
is holomorphic and non-vanishing in the closure of the positive Weyl chamber in af,, i.e. for all
s=(S1,...,5n) € ai such that
Re(s1) > ... > Re(s,) = 0.
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Proof. If a unitary generic representation o;, of GL2(k,) is not tempered, then it is a complemen-
tary series, i.e. the fully induced representation of the form

GLQ(k'U)

O—i,U = IndGLl(kv)XGLl(ku)(MZ’v‘ : ‘Ti ® Mi,l}

)
7

where 11, is a unitary character of GL1(k,) and 0 < r; < 1/2. Since the intertwining operators
are compatible with the induction in stages the problem of the holomorphy and non—vanishing is
reduced to the tempered case.

More precisely, there is a tempered representation 7, of one of the Levi factors L(k,) con-
tained in My(k,) and an element s’ of the corresponding space aj, ¢ such that I (s,mp) 2 I(s',10).
Therefore, the holomorphy and non—vanishing of N(s,m,,w) is equivalent to the holomorphy
and non—vanishing of N(s',7,,w). If s = (s1,...,8,), then s’ is obtained by replacing s; with
(si + 14,8; — r;) for all ¢ such that o;, is a complementary series. Now, it is enough to check
that if Re(s1) > ... Re(sp) = 0, then the inequalities of Proposition 1.1 are satisfied. That is a
straightforward check using the bound 0 < r; < 1/2. O

At the end of this Subsection we collect the normalizing factors for the generic split maximal
proper parabolic cases needed in the sequel. For the case GLy X GLy C G L4 the normalizing factor
of the standard intertwining operator A((s1,s2),01,,® 024, w) acting on the induced representation

GL4 (ko N N
I((SL 82)7 Ol & 0'2,1)) = IndGngkv;xGLz(kv) (0‘171},/51 ® 0.271]1/82) o~ T ((81 _ 82)047 10 ® 0_2’1))
equals
L — X ¥
(2) T((817 82)7 0—1,1} & 0'277), w) = (81 52, 0—1,1} 0'277))

L(1+4 51— 82,010 X 02,)e(S1 — $2,01,0 X 020, ¥p)’

where the L-functions and e—factors are the Rankin—Selberg ones of pairs and - denotes the con-
tragredient representation. For the case GLa C SOy the normalizing factor of the standard inter-
twining operator A(s,o,,w) acting on the induced representation

I(s,00) = Indg(zzgiﬁ (ou®) = I1(25Q, 7))

equals
L(287 wo’v)
L(1 + 25, wg,)e(28,wa,, Py)’

where the L-functions and e-factors are the Hecke ones for the central character w,, of o,. For the
case GLg C Spy4 the normalizing factor of the standard intertwining operator A(s, o,,w) acting on
the induced representation

(3) r(s,op,w) =

I(s,00) = Indght ) (o0°) = 1(5@, )

equals

L L(2
(1 (5,00 0) = o) o)
L(1+ s,00)e(8,00,%y) L(1 4+ 2s,ws,)e(28, we,, Vy)
where the L—functions and e—factors are the principal Jacquet ones for o, and the Hecke ones for
the central character w,, of ;.
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1.2. Non—generic split case. In this Subsection let v be a place of k where D splits. We define
the normalization factor for the standard intertwining operators attached to an one—dimensional
unitary representation
Ty = (10 0dety) @ ... @ (Xn,w © dety)
of the Levi factor My(ky) = GLa(ky) X ... X GLa(ky) of the split group SOy, (ky) or Span(ky). The
strategy follows the Moeglin and Waldspurger proof of Lemma 1.8 in [24] rather closely. See also
Section 1.2 of [8].
Representation 7, embeds into the induced representation

M (ky _ _
B, m) = () (xaal - 1772 @ xa0l - 12 @ @l |72 @ Xl - [2)
as the unique irreducible subrepresentation, where 7' is the maximal split torus in SOy, or Sp4n,
s =(-1/2,1/2,...,-1/2,1/2) € a*T@ and Ty = X120 QX100 Q- @ Xnv @ Xnw-

Hence, for every element w € W(Mj) of the Weyl group the standard intertwining operator
A(s, my,w), where s = (s1,...,5,) € ag, fits into the commutative diagram
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I(s,my) — I(s+5',7)
A(s, ﬂv,w)l lA(g—i—g’,Tv)
I(w(s), w(m)) = I(w(s + '), w(r)).

Here s is embedded into @}, . In other words, A(s, m,, w) is the restriction of A(s+s',7,) to I(s, m,).
Hence, the normalizing factor for A(s, m,,w) is defined to be
(5) r(s, mp,w) =1(s+ 5, 7, 0)

and the normalized operator N (s, m,,w) is actually the restriction of N(s + s', 7, w) to I(s,my).

Proposition 1.3. For every w € W (My), the normalized intertwining operator
N ((81,---,5n), (x10 0dety) @ ... & (Xn,v 0 dety), w)
defined above is holomorphic and non—vanishing in the positive open Weyl chamber
Re(s1) > ... > Re(s,) > 0.
Proof. Let w’ be the element of the Weyl group corresponding to the permutation
w' = (1,2)(3,4)...(2n — 1, 2n),

where (i1,...,1;) denotes the cycle mapping i; — ia — ... — i; — i1. The Weyl group element cor-
responding to a permutation p acts on az ¢ as (s1, ..., 2n) = (Sp-1(1)s- -+ Sp-1(2n)) and analogously
on representations.

By the discussion above, 7, is the unique irreducible subrepresentatlon of I, M(s' 1,). Hence, it
is the image of the M (k,) normalized intertwining operator N (w'~!(s"), w'~! (7 ), w'). Observe that
w'(s) = s. Then, N(s,m,,w) fits into the following commutative diagram

N(§+w”1(§’),w”1(TU),w’)

I(s,my) I(§+w/_1(§/),w/_1(7'v))
N(§,7rv,w)l J{N(g—i—w’*l(g),w’*l(Tv),ww’)
I(w(s), w(my)) — I{w(s +5'),w(m)),

where the upper horizontal arrow is surjective. Since for s in the positive open Weyl chamber
s+w ) = (s1+1/2,50 = 1/2,.. . 80+ 1/2,8, — 1/2) €

satisfies the inequalities of Proposition 1.1 for the Weyl group element ww’, the right vertical
arrow is holomorphic and non—vanishing. Therefore, the commutativity of the diagram implies
that N (s, m,,w) is also holomorphic and non—vanishing for such s. O

Finally, we collect the normalizing factors in this case for the maximal proper parabolic subgroup
cases. The general proper parabolic subgroup normalizing factors are again just the product of
those. For the case GLy X GLy C G L4 the normalizing factor of the standard intertwining operator
A ((s1,52), (x1,0 0 dety) @ (x2,0 0 dety), w) acting on the induced representation

I((s1,52). (x1.0 © dety) ® (x2 0 dety)) = IndG G0 o, ) (X0 © dety)o™ @ (xa, 0 dety)r*)

=] ((51 - 52)a7 (Xl,v o detv) ® (X2,v o detv))
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equals

(6) r((s1,52), (X1,0 0 dety) @ (x2,0 0 dety), w) = r1(s1 = 52, X10X20);
where, for s € C and a unitary character x, of k;,

L(s, xv)L(s — 1, xv)

L(S + 27 XU)L(S + ]-a XU)E:(S + 1’ Xvs 1/]11)5(57 Xv>s ¢U)2€(S - 17 Xvs ¢U) '

The L-functions and e—factors are the Hecke ones for a character. For the case GLy C SO, the
normalizing factor of the standard intertwining operator A(s, x, o det,,w) acting on the induced
representation

ri(s xv) =

SO4(kv)

I(s,xyodet,) = Indgr i)

((xw o dety,)v®) = I(2sa, xy o dety)

equals
L(2s, x3)
L(2s +1,x7)e(2s, X3, ¥0)
where the L-functions and e-factors are the Hecke ones for the central character x2 of x,odet,. For

the case GLa C Spy4 the normalizing factor of the standard intertwining operator A(s, x, o det,, w)
acting on the induced representation

I(s,00) = TndZh (), ((xo o det,)v") = I(sd, xo o det)

(7) T(37 Xv © dety, w) =

equals
(8) r(s,xvodety,w) =
_ L(s+1/2,x0) _ L(s —1/2,x0) , L(2s, x3)
L(s +3/2,x0)e(s + 1/2,xv, u) L(s +1/2,x0)e(s — 1/2, xv,%0) L(1+ 28, x2)e(28, x2, 1)’
where the L-functions and e-factors are the Hecke ones for y, and for the central character x2 of
Xv © det,,.

1.3. Non—split case. In this Subsection let v be a place of k where D does not split. We define
the normalization factors for the standard intertwining operators attached to irreducible a unitary
representation

71'; %01’v®...®0;w
of the Levi factor M| (k,) = GL)(ky) % ...x GL|(k,) of the group G, (k,) or H] (k). Since GL (k)
has no proper parabolic subgroups, 7, and all J;ﬂ} are supercuspidal.

For w € W' and s € af, the standard intertwining operator A(s, m,,w) is defined as the analytic
continuation of the usual integral (see for example [30] or Section 1.3 of [8]). Here we have to
stress that the Haar measures used in the definition of the standard intertwining operators for the
split and non-split case are chosen compatibly as explained in Section 2 of [30]. That enables the
transfer of the Plancherel measure between the split case and its non-split inner form as in [30]
which is crucial in the proof of the holomorphy and non—vanishing of the normalized intertwining
operators defined below.

In the definition of the normalizing factor for A(s,7,,w) we use the local lift of representa-
tions from GL)(k,) to GLa(k,) defined using the local Jacquet—Langlands correspondence at the
beginning of this Section. If

Ty E010Q ... 0 0nw
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denotes the local lift of 7/, from M/ (k,) to My(k,), then the normalizing factor is defined to be
9) r(s, 71-;7 w) =r(s, Ty, w)
and the normalized intertwining operator N (s, ,, w) by

A(s,m,w) = r(s,m,w)N(s,m,w).

Observe that m, is square—integrable as the local lift of a supercuspidal representation.

Proposition 1.4. Let m, = 07, ® ... ® 0, , be an irreducible unitary representation of the Levi
factor Mj(k,) = GL(ky) % ... x GL|(ky) of G}, (ky) or H)(ky) and s = (s1,...,s,) € a;. Then,

for every w € W', the normalized intertwining operator
N(s,m,w)
18 holomorphic and non—vanishing in the closure of the positive Weyl chamber
Re(s1) = ... > Re(s,) = 0.

Proof. The proof is essentially the same as the proof of Proposition 1.11 in [8]. Decomposition of
the standard intertwining operator reduces the proof to the maximal proper parabolic cases treated
in Proposition 1.10 of [8] except the new case GL] C Hj. But that case is settled in the same way
since the result on the Plancherel measure from [30] holds. O

Again, we collect here the normalizing factors for the maximal proper parabolic cases. But in
the non—split case the normalizing factors are given using the normalizing factors of the split case.
Hence, the maximal parabolic cases are given by equations (2) for GL| x GL} C GLY, (3) for
GL} C G} and (4) for GL| C Hj. Nevertheless, we rewrite these equations in more appropriate
manner just for the one-dimensional unitary representations of GL] (k).

As already mentioned, by Theorem (8.1) of [7], the local lift of an one-dimensional unitary repre-
sentation y, odet, of GL/ (k,), where x, is a unitary character of k¢, is the Steinberg representation
Sty,. Hence, in the equations for the normalizing factor the Rankin-Selberg of pairs and principal
Jacquet L—functions and e—factors for the Steinberg representations appear, as well as the Hecke
L-function and e-factor of the central character of St,,. By Theorem (3.1), Sections 8 and 9 of
[13] and Section (3.1) of [11] those L—functions and e—factors can be written as

L<37 StXl,'U X Stx;i) - L(S + 17 XL’UXQ_,’}))L(S7 Xl,'L)XQ_ﬂl])?
e(s, Sty X Stxgi,%) = e(s+ 1>Xl,vxii,wv)ff(SyXl,ini,wv)sz(s - 1>X1,’UX2_711,,¢U) :

L(l -5, Xl_ﬂl;XQ,’U)L(_Sa Xl_,ql;XQ,’U)
L(s = 1,X1,0X2.) L(8, X1,0X20)

L(S>Sth) = L(S + 1/23Xv)7
I IR
8(8, Stxv7”l/}v) = 5(5 + 1/27 Xvs wv)g(s — 1/27 Xvs w’v) [f(ls/2_ 1/827>§: ))’
L(S’wStxU) = L(Saxg)a

6(5,(4)5th,¢1)) = 5(5,X%,1/1v)-
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Therefore, for the case GL| x GL] C GL) the normalizing factor of the standard intertwining
operator A((s1,52), (x1,0 © det]) @ (x2,» o det,), w) acting on the induced representation
I((s1,s2),(x100 det!) ® (x2,0 © det!)) = In dGL/ EkvngL’ (ko) ((Xl,v o det! )"t @ (xa 0 detfu)m’z)
equals
(10) r((s1,52), (X1,0 0 det},) @ (x2,0 0 det)), w) = r2(51 — 52, X1,6X20)s
where, for s € C and a unitary character x, of kJ,
T2(57 XU) =
— L(3+17XU)L(57XU) L(saXU)L(S_ 17X1})
L(S + 2, X’U)L(S + 1, Xv)e(s + 1, xu, 7111))5(57 Xvs %)25(5 -1, Xv, @Z}v) L(_S; XJI)L(I — 8, X;l) ‘

For the case GL| C G the normalizing factor of the standard intertwining operator A(s, y,odet, , w)
acting on the induced representation

I(s,m) = Indgigl?zl) (mh,v%)

equals
L(2s,x3)
L(1+42s,x3)e(25, X3, ¥w)

For the case GL] C H| the normalizing factor of the standard intertwining operator A(s, y,odet,, w)
acting on the induced representation

I(s,7)) = Ind

(11) (s, xv o det,, w) =

H (ky
GlL(ll(k)U)(W;VS)

equals
(12) r(s,xyodet,,w) =

L(s+1/2,xs) L(s—1/2,xy) . L(2s,%?)
L(s+3/2,xv)e(s + 1/2, Xv, Yu)e(s = 1/2, X, ¥u) L(1/2 — s,Xgl) L(1+4 2s,x2)e(2s, X2, %)
1.4. Global normalization. In this Subsection we combine the local results of the previous Sub-

sections in order to get the normalization factor for the global intertwining operators attached to
a cuspidal automorphic representation

T 2ol ®...Q0,
of the Levi factor M}(A) = GL{(A) x ... x GL{(A) of the group G/, (A) or H} (A), where o; are
cuspidal automorphic representations of GL 1(A) which are either all not one-dimensional or all

one—dimensional.

For w € W' and s € af, the global standard intertwining operator A(s,7’,w) decomposes
according to the restricted tensor product 7’ = ®, 7, when acting on a pure tensor fs = @y fs, €
I(s,7'), into the product of the local standard intertwining operators A(s,m,,w). Hence, it is
natural to define the global normalizing factor to be the product over all places of the local ones,
ie.

(13) (s, 7, w) Hrsww
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The holomorphy and non-vanishing of the global normalized intertwining operators N (s, 7', w)
defined by

A(s, 7", w) = r(s, 7', w)N (s, 7', w)

"deep enough’ in the positive Weyl chamber is proved in the following Theorem.

Theorem 1.5. Let 1’/ = 0} ® ... ® 0], be a cuspidal automorphic representation of the Levi factor
My(A) = GLi(A) x ... x GL{(A) of the group G, (A) or H)(A) such that o, are either all not
one—dimensional or all one—dimensional. Then, for every w € W', the global normalizing factor

r(s, 7, w)

is a meromorphic function of s. If all o; are not one—dimensional then the global normalized
operator

N(s,n',w)
is holomorphic and non-vanishing for s in the closure of the positive Weyl chamber
Re(s1) = ... > Re(s,) = 0.
If all o; are one—dimensional then the global normalized operator
N(s, 7', w)
is holomorphic and non—vanishing for s in the positive open Weyl chamber

Re(s1) > ... > Re(s,) > 0.

Proof. The local normalizing factors r(s, 7., w) are defined in terms of the local L—functions and
e—factors. At all split places v € S these are the L—functions and e—factors of the same global
cuspidal automorphic representation of a split classical group. Therefore, the product over all
split places of the normalizing factors converges absolutely for s deep enough in the positive Weyl
chamber and its analytic continuation is given using the partial L-functions and e—factors which
are meromorphic. Since the normalizing factors at the remaining finite number of non—split places
v € S are meromorphic, the global normalizing factor r(s,n’,w) is meromorphic.

The global normalized intertwining operator decomposes into the tensor product of the local
ones. At almost all places the representation m is spherical, and therefore, the local normalized
intertwining operator N (s, ,w) just sends the suitably normalized invariant vector of I(s, ) for
the fixed maximal compact subgroup to the suitably normalized invariant one of I(w(s),w(m,)).
At the remaining finite number of places the local normalized intertwining operator is holomorphic
and non—vanishing in the required region by Propositions 1.1, 1.2, 1.3 and 1.4 of the preceding
Subsections. Hence, the global normalized intertwining operator N(s,7’,w) is holomorphic and
non—vanishing in the required region. (|

At the end of every Subsection above we collected the local normalizing factors for the max-
imal proper parabolic subgroup cases. Here we collect the global normalizing factors for those
cases. First, assume that all o] are not one-dimensional representations of GL)(A). Then, by
our definition at the beginning of this Section, the local lift o;, of ng from GL)(ky) to GLa(ky)
is compatible with the global lift ;. Moreover, o; is a cuspidal automorphic representation of
GL3(A). Therefore, the product over all places of the local normalizing factors in equations (2),
(3), (4) and (9) can be written using the global L—functions and e-factors attached to cuspidal
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automorphic representations. For the case GL} x GL} C GLY the global normalizing factor of the
standard global intertwining operator A((s1, s2), 0] ® ob, w) acting on the induced representation

GL,(A
I((s1,82),0] ® 05) = IndGL?EAngL’I(A) (o™ @ oyv™?)
equals
Lisi — _
(1) (s1,52). 0, @ o w) = o1 = 52,01 X2

L(l + 81 — 89,071 X 52)8(51 — 89,071 X 52)

where the L—functions and e—factors are the global Rankin—Selberg ones of pairs. For the case
GL} C G) the global normalizing factor of the standard global intertwining operator A(s,o’,w)
acting on the induced representation

Gy (A s
I(s,0') = IndGlL(’l(B&) (o'v")

equals
L(2s,ws)
L(1 4+ 2s,ws)e(28,wy)
where the L—functions and e—factors are the global Hecke ones for the central character w, of o.

For the case GL} C Hj the global normalizing factor of the standard global intertwining operator
A(s,o’,w) acting on the induced representation

H! (A <
I(s,0') = IndglL(,l(j)&) (o'v*)

(15) r(s,o’,w) =

equals
L(s,0) L(2s.00)
L(1+s,0)e(s,0) L(1+2s,w,)e(2s,wy)

where the L-functions and e—factors are the global principal Jacquet ones for o and the Hecke ones
for the central character w, of o.

Next, assume that all o/ are one-dimensional cuspidal automorphic representations of GL}(A),
i.e. o = x; odet/, where x; are unitary characters of A*/k*. Now, the local and global lift are
not compatible, and hence, the local normalizing factors at split places in equations (6), (7) and
(8) are not of the same form as the local normalizing factors at non-split places in equations (10),
(11) and (12). Therefore, in the global normalization factors for maximal proper parabolic cases,
along with global Hecke L—functions and e—factors, the local Hecke L—functions appear.

For the case GL} x GL] C GL, the global normalizing factor of the standard global intertwining
operator A((s1, s2), (x1 odet’) @ (x2 o det’), w) acting on the induced representation

I((s1,52), (x1 0det’) @ (x2 o det’)) = IndgifgingUl(A) ((x1 0 det")v* ® (x2 o det’)v*?)

(16) r(s, 0’ ,w) =

equals
(17> T((sla 82)7 (Xl © det/) ® (XQ © det,)v U)) = 7’(51 — 82, X1X2_1)7
where, for s € C and a unitary character x of A*/k*,
L L(s—1 L 1 L
T(S,X) _ (87X) (8 ’X) H (5+ ’Xv) (SaXU)

L(s+2,x)L(s + 1,x)e(s + 1, x)e(s,x)%e(s — 1,x) 2L L(1 — s, xa V) L(—s,x2 1)’

veES
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and the L—functions and e—factors are the global and local Hecke ones. For the case GL| C G} the
global normalizing factor of the standard global intertwining operator A(s,x o det’,w) acting on
the induced representation

I(s,x odet’) = IndgllL(,}&) ((x o det’)r®)
1

equals
L(2s, x*)
L(1+ 2s,x?)e(2s, x?)
where the L-functions and e-factors are the global Hecke ones. For the case GL| C Hj the

global normalizing factor of the standard global intertwining operator A(s,x o det’,w) acting on
the induced representation

(18) r(s,x odet’,w) =

I(s, x o det’) = Ind g\ ) ((x o det'))

equals
(?9)

L(28>X2) L(S_ 1/27X) H L(8+1/27XU)
{1+ 25, x%)(25.x%) L(s + /2, 0)2(s + 1/2, )05 — 172, %) L T(1/2— 5. )

r(s, xodet',w) =
veS
where the L—functions and e—factors are the global and local Hecke ones.

2. CONSTRUCTION

In this Section we construct the certain parts of the residual spectrum of the hermitian quater-
nionic classical groups G}, (A) and HJ,(A), as well as the split groups SOy, (A) and Sps,(A). The
residual spectrum of a reductive algebraic group is decomposed using the Langlands spectral the-
ory developed in [20]. See also [25]. Briefly stated, the decomposition of the part of the residual
spectrum of a reductive algebraic group supported in a proper parabolic subgroup is realized as the
sum of the spaces of automorphic forms obtained after the iterated cancellation of the poles inside
the closure of the positive Weyl chamber of the Eisenstein series attached to cuspidal automorphic
representations of the Levi factor. The constant term map shows that the analytic properties of
the Eisenstein series such as the position and order of the poles coincide with the properties of the
constant term of the Eisenstein series. On the other hand, the constant term equals the sum of the
standard intertwining operators

(20) > Als,mw),

weW (M)

where M is the Levi factor of a selfconjugate parabolic subgroup, W (M) the normalizer of M
modulo M, m a cuspidal automorphic representation of M(A) and s € a}"w’(c. The assumption that
a parabolic subgroup is selfconjugate simplifies the notation and makes no harm since in our case
M is the Levi factor of a selfconjugate parabolic subgroup of G), or H]. In order to study the
poles inside the positive Weyl chamber of the sum (20) we use the normalization of the standard
intertwining operators of Section 1.

Before passing to the calculation of the residual spectrum in Theorem 2.2 below, we collect the
well known analytic properties of the global and local L—functions involved. The proof for the
Hecke L—functions can be found in [37], for the principal Jacquet L—functions for GLs in [12] and
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for the Rankin—Selberg L—functions of pairs for GLs X G Lo in [10]. Observe that the global Hecke
L—function L(s, 1) for the trivial character 1 of A* /k* is nothing else than the complete (—function
of the algebraic number field .

Lemma 2.1. The global Rankin—Selberg L—function L(s, 7 X ma) of cuspidal automorphic repre-
sentations m and wy of GL2(A) has the simple poles at s =0 and s = 1 if m = wy and it is entire
otherwise. It has no zeroes for Re(s) > 1.

The global principal Jacquet L—function L(s,m) of a cuspidal automorphic representation © of
GL3y(A) is entire. It has no zeroes for Re(s) > 1.

The global Hecke L—function L(s,u) of a unitary character p of A*/k™ has the simple poles at
s =0 and s =1 if p is trivial and it is entire otherwise. It has no zeroes for Re(s) > 1. The local
Hecke L—function L(s, p,) of a unitary character u, of k) has the real simple pole at s = 0 if p, is
trivial and it is entire otherwise. It has no zeroes.

Theorem 2.2. Let
T ®... .00,

be a cuspidal automorphic representation of the Levi factor M{(A) = GL(A) x ... x GL{(A) of the
minimal parabolic subgroup of the group G (A) or H] (A) such that one of the following holds:

(i) all o} are not one-dimensional cuspidal automorphic representations of GL)(A) with the
unitary central character,

(i) all o} = x; o det’ are one-dimensional cuspidal automorphic representations of GL}(A),
where x; s a unitary character of A*/k* and for the group H), the character x, is non-
trivial,

(iii) the group is H),, all o = x;odet’ are one—dimensional cuspidal automorphic representations
of GL(A), where x; is a unitary character of A*/k* and x, is trivial.

Let sy € ag be
(n—1/2,...,3/2,1/2), in case (i),
so=14 (2n—3/2,...,5/2,1/2), in case (ii),
(2n—1/2,...,7/2,3/2), in case (iii),

and we consider only the part of the residual spectrum obtained as the iterated residue of the Fisen-
stein series at sy. The Fisenstein series attached to @' has the simple iterated pole at sy if and only
if
in case (i) for the group G), all o) are isomorphic and have the trivial central character,
in case (i) for the group H), all o} are isomorphic, have the trivial central character and
L(1/2,0;) # 0, where o; is the global lift of o},
in case (ii) for the group G|, all x; are equal and X% is trivial,
in case (ii) for the group H), all x; are equal, X? 1s trivial and
Xiw s nontrivial at every place v € S,

| in case (iii) all x; are trivial.

The space of automorphic forms spanned by the iterated residue at sy is a constituent of the residual
spectrum which is denoted by A(n'). In all cases, by the constant term map, A(7') is isomorphic
to the image of the normalized intertwining operator

N(§0) 7T/, wl)a
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where w; € W' is the longest Weyl group element. The image is irreducible except for the group
H] in case (ii) when the image is the sum of the irreducible representations of the form

@, 11,

where 11, is the irreducible image of N(sq,m,w;) for v € S and II,, is one of at most two non-—
isomorphic irreducible components of the image of N (s, m,,wy) for v € S and it is unramified for
almost all v.

Proof. The poles of the Eisenstein series coincide with the poles of its constant term, i.e. the sum
(20) of the standard intertwining operators

(21) > Als, 7 w),

weW’
where s € af. In Section 1 we normalized the standard intertwining operators using the scalar
meromorhic normalizing factors r(s,n’,w). The main result is Theorem 1.5 showing that the
normalized intertwining operators are holomorphic and non—vanishing in the positive open Weyl
chamber of af, i.e. for all s = (s1,...,s,) € af, such that

Re(s1) > Re(s2) > ... > Re(s,) > 0.

Observe that sg is in the positive open Weyl chamber and hence the poles of the terms in (21) are
the poles of their normalizing factors.

The normalizing factor r(s, 7/, w) is given as a product of the normalizing factors for the maxi-
mal proper parabolic cases appearing in the decomposition of the standard intertwining operator
A(s, 7', w) as in Section 2.1 of [31] according to a reduced decomposition of the Weyl group ele-
ment w into simple reflections. Although the reduced decomposition of the Weyl group element is
not unique, the obtained normalizing factor is independent of the chosen reduced decomposition.
Therefore, let us fix an algorithm for decomposing the elements of the Weyl group W’ by specifying
its action on af, and on representations of M{(A). Tt is well-known that W’ = S,, x Co", where S,
is the group of permutations of n letters and Co the multiplicative group {£+1}. The action of the
Weyl group element w = (p,c), where p € S,, and ¢ = (cq,...,¢,) € C2", on s = (s1,...,5,) € af
is given by

w(8) = (ep1()8p1(1)s -+ 1w Sp1(m)
and on a representation 7’ = o} @ ... ® o}, of M}(A) by
1~ 1(n)

N %)
w(n') =0 1)®...®ap_1(n),

p~I(

where o’} = o/ and ¢o/; ' = 5. Let

Il ={je{l,...,n}:¢c;=1} and I,={j€{l,...,n}:¢c; =—1}.
The simple reflections in the Weyl group W’ correspond to the transpositions w; = (4,7 + 1) € Sp
for 7 = 1,...,n — 1 and the element wy = (1,...,1,—1) € Cy". The algorithm for a reduced
decomposition of w = (p,c) € W' is as follows:

(1) Using the transpositions w; move the representation with the maximal index in I, to the
most right position. In this step transpositions interchange the position of a representa-

tion with the index in I, and either a representation with the higher index in I} or the
contragredient of a representation with the higher index in I,



(2)
(3)

(6)
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Apply wq to take the contragredient of the representation moved to the most right position
in step (1).

Repeat steps (1) and (2) with all the other elements of I, always choosing the maximal
element not used in the previous steps. As a result we obtain the representations with indices
in I, on the left with increasing indices and the contragredients of the representations with
indices in I, on the right with decreasing indices.

Using the minimal number of the transpositions w; arrange the representations with indices
in I} to be ordered as required by the action of w but still all of them on the left, i.e.
keeping the contragredients of the representations with indices in I, fixed. In this step
every transposition interchanges the position of a representation with index in I} and a
representation with the higher index in I

As in step (4), using the minimal number of the transpositions w; arrange the contragre-
dients of the representations with indices in I, to be ordered as required by the action
of w but still all of them on the right, i.e. keeping the representations with indices in I}
fixed. In this step every transposition interchanges the position of the contragredient of a
representation with index in I, and the contragredient of a representation with the lower
index in [,

Using the minimal number of the transpositions w; arrange all the indices as required by the
action of w. In this step every transposition interchanges the position of a representation
with the index in I} and the contragredient of a representation with the index in I,

Now, the normalizing factors appearing in the maximal proper parabolic cases corresponding
to the simple reflections in the above steps are given at the end of Subsection 1.4 in equations
(14), (15) and (16) for case (i) and in equations (17), (18) and (19) for cases (ii) and (iii). Using
the analytic properties of the L—functions involved given in Lemma 2.1, we see that the possible
singular hyperplanes of the normalization factors in case (i) are

Si_sj = 1’ forléz<j<n7
si+s; = 1, forl1<i<j<n,
2s; = 1, forl1<i<mn,
and in cases (ii) and (iii)
Si_sj = 2’ f0r1<2<]<n7
si+s; = 2, forl<i<j<mn,
252» = biv forlgign,

where b; = 3 if the group is H}, and x; is trivial, while b; = 1 otherwise. At all the possible singular
hyperplanes the pole is at most simple. Observe that s, in all cases is the intersection of precisely
n among the possible singular hyperplanes. Moreover, it is the so called regular point since there
are no possible poles of the Eisenstein series deeper in the positive Weyl chamber. The hyperplanes
intersecting at s, in case (i) are

S; — Si+1 = 1, fOI‘iZl,...,TL—l
2s, = 1,
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in case (ii)

S; — Si+1 = 2, fOI‘iZl,...,?l—l
28, = 1,
and in case (iii)
Si—Si+1 = 2, fori=1,...,.n—1
2s,

In order to have the iterated pole of the Eisenstein series at s, all n possible singular hyperplanes
intersecting at s, have to be singular. The hyperplane of the form s; — s;+1 = a, where a € {1,2},
is singular for the intertwining operator A(s,7’,w) if and only if o] = ¢;,; and in the reduced
decomposition of w the interchange of the positions of either o} and o7, |, or 7;,; and &}, occurs.
The hyperplane 2s,, = 1 in case (i) for the group GJ, is singular for the intertwining operator
A(s, 7', w) if and only if o], has the trivial central character and ¢, = —1, where w = (p,c). The
hyperplane 2s,, = 1 in case (i) for the group H), is singular for the intertwining operator A(s, 7', w)
if and only if o], has the trivial central character, the global L—function L(1/2,0,) # 0 for the global
lift o, of o}, and ¢, = —1, where w = (p,¢). The hyperplane 2s,, = 1 in case (ii) for the group G,
is singular for the intertwining operator A(s, 7/, w) if and only if x?2 is trivial and ¢, = —1, where
w = (p,c¢). The hyperplane 2s,, = 1 in case (ii) for the group H}, is singular for the intertwining
operator A(s,n’,w) if and only if x2 is trivial, Xn,o is nontrivial for all places v € § and ¢, = —1,
where w = (p,c). The hyperplane 2s,, = 3 in case (iii) is singular for the intertwining operator
A(s, 7', w) if and only if x,, is trivial and ¢, = —1, where w = (p,c). Therefore, the necessary
conditions for the pole of the Eisenstein series at s, are as claimed in the Theorem.

Assume that the necessary condition for the pole holds. Looking at the reduced decomposition
algorithm we see that, in order to get the singular hyperplane of the form s; — ;4.1 = a for the
intertwining operator corresponding to w € W', both i and i + 1 have to be elements of the same
set I} or I,. Since ¢, = —1 in order to get the singular hyperplane 2s,, = b, we conclude n € I,.
Therefore, I, = {1,...,n} and I is empty, i.e. if w = (p,c) then ¢ = (—1,...,—1). For such w,
during the first three steps of the reduced decomposition algorithm the singular hyperplanes of the
form s; — s;4+1 = a do not occur. Afterwards, in step (5) we have to obtain all such hyperplanes
and hence p must be the identity permutation id.

Therefore, if the necessary condition for the pole holds, the Eisenstein series indeed has the
pole at sy and the only element of the Weyl group W’ such that the corresponding intertwining
operator in (21) has the iterated pole at s, is the longest element w; = (id,(—1,...,—1)). The
iterated residue of the constant term is, up to the nonzero constant, equal to the image of the
normalized intertwining operator N (sg, 7/, wy).

The square integrability of the obtained space of automorphic forms follows from the Langlands
square integrability criterion from page 104 of [20] because

(=(n—=1/2),...,-3/2,-1/2), in case (i),
wi(sg) =< (—(2n—3/2),...,-5/2,-1/2), in case (ii),
(—=(2n—1/2),...,—-7/2,-3/2), in case (iii),
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and, by the criterion, if w;(sy) = (s},...,s,), then the square integrability condition is

J
dosi<0  Vi=1,...n
i=1

Thus the iterated residue at s, of the Eisenstein series attached to 7’ gives a constituent A(7’) of
the residual spectrum.

It remains to describe the image of N(sy, 7', w;) which is done for every place v of k separately. If
7, is tempered then the image of N (s, m,, w;) is irreducible by the Langlands classification since s,
is in the open positive Weyl chamber and w; is the longest element of the Weyl group W’. Observe
that this is always the case if v € S.

Let v ¢ S and assume 7, is not tempered. Since all ¢} are isomorphic, in case (i) this means
that o, is a complementary series representation of GLy(k,), i.e. the fully induced representation

of the form

~ GLo(ky —
O = G200 ey Ol 177 @ 0] 1)

where X, is a unitary character of k) and 0 < r < 1/2. In cases (ii) and (iii), 0;, = xo © det, is
an one—dimensional representation of GLs(k,), i.e. the unique irreducible subrepresentation of the
induced representation

GLa(kv) —r r
IndGLj(kv)xGLl(kv) (Xv| 7@ xwl | ) 5

where r = 1/2. If we denote by

Ty = Xo @ O Xy
the representation of the maximal split torus T'(k,) = GL1(ky) X ... X GL1(ky) of SOupn(ky) or
Span(kv),

s = (r,=r,r,—r,...,1,—T) € a},(c and w' = (1,2)(3,4)...(n—1,n) € Sy,
the element of the absolute Weyl group of SOy, (ky) or Span(ky), then the image of
N (so + 50, 70, ')

is isomorphic to I(sy, 7). Therefore, the image of N (s, w;) is isomorphic to the image of

N (s + 80, T, wpw').

Now, 7, is tempered and w;w’ is the longest element of the Weyl group for SOy, (ky) or Span(ky).
Hence, if sy + s{, is in the open positive Weyl chamber the image is irreducible by the Langlands
classification. This is the case except for the group Spa,(ky) in case (ii).

Finally, let the group be Spsn(k,) in case (ii). Then

sotsp=02n—-1,2n—-2,...,1,0)

which is not in the open positive Weyl chamber for Spy,. Writing the longest Weyl group element
wyw’ for the Weyl group of Spy, as wyw’ = wiwy where wy is the longest element of the Weyl group
modulo the Levi factor isomorphic to GL1 X ... X GL; x SLy and wg = (1,...,1,—1) the simple
reflection corresponding to the root 2es,, of Sp4,, the normalized intertwining operator decomposes
into

N (s + 80, Tw, wpw') = N(8g + 84, Tos w1 )N (89 + 80, T, Wo)-
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The operator N (sq + s, Ty, wo) is actually the SLy(k,) intertwining operator acting on the induced
representation
SLy(ky ~ _

IndGLi((kv))Xv ~rter,,
which is the sum of at most two irreducible tempered components TUi where the sign in the super-
script denotes the sign of the action of N(sq+ (), Ty, wo) and 7, is trivial if and only if x,, is trivial.
Then, the image of N(sq + s(, 7y, wjw’) is the sum of the images of N (sq + s(,, 7, w1) acting on the
two induced representations

S n k'U — —
IndG%l((kq,))x...xGLl(kv)xSLg(kU) (XU‘ ) ’2n '® Xol - ‘2n ’®...® Xv‘ : ’2 & Xv’ | ® Tvi)

which we denote by IT, and II; is trivial if and only if y, is trivial. These images are irreducible by
the Langlands classification since w; is the longest Weyl group element modulo GL; X ... x GLy %
SLy, Xo®...®Xe®T.F is tempered and (2n—1,2n—2,...,1) is in the open positive Weyl chamber.
Observe that I is unramified at unramified places. Therefore, the irreducible representation IT/,
in the statement of the Theorem is one of the representations I} and it is IT} for almost all v. [

Theorem 2.2 in fact gives the decomposition of the parts of the residual spectrum of G/ (A)
and H) (A) obtained as the iterated residues at s, of the Eisenstein series attached to cuspidal
automorphic representations 7’ of the Levi factor M{(A) of the minimal parabolic subgroup such
that either all o] are not one-dimensional, or all o] are one-dimensional. Denote those parts of the
residual spectrum by L? for both G’ (A) and H/,(A). Tt will be clear from the context to which
group we refer. Then L? decomposes according to the cases in Theorem 2.2 into

12 Lgi) &) Lgﬁ), for the group G/,
- Ly © L, @ L?ﬁi), for the group H},.

where every component denotes the part of the residual spectrum at s, coming from the cuspidal
automorphic representations of the corresponding case. Now, Theorem 2.2 gives the decompositions
of the following Corollary.

Corollary 2.3. In the notation as above,
L}y = @A),

where the sum is over all case (i) cuspidal automorphic representations @' of M{(A) such that for
the group G, all o} are isomorphic and have the trivial central character, while for the group H)
all o), are isomorphic, have the trivial central character and L(1/2,0;) # 0 where o; is the global

lift of o).
2~
Liy) = & A(r),
where the sum is over all case (il) cuspidal automorphic representations © of M} (A) such that for

the group G, all x; are equal and X? is trivial, while for the group H] all x; are equal, X? 18 trivial
and Xio 15 nontrivial for every v € S.

L%iii) = A(1ag),

where 1y = (10 det’) ®...® (1 odet’) is the trivial representation of Mj(A).
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Next, we introduce a similar notation for the split groups SOy, and Spy,. Let L?\/lo be just the
part of the residual spectrum of SOy, (A) and Spy,(A) obtained as the iterated residue at

to=m—1/2,...,3/2,1/2) € a*MO7<C
of the Eisenstein series attached to cuspidal automorphic representations of the Levi factor My(A) =

GLa(A) x ... x GLy(A). Note that L?WO is not the full residual spectrum with the cuspidal support

in My(A). For the group SOy, let LQT(S Oyn) be the part of the residual spectrum obtained as the
iterated residue at

to=02n—-1,...,1,0) € a’r},(c
of the Eisenstein series attached to cuspidal automorphic representations of the maximal split torus

T(A) 2 GLi(A) x ... x GLi(A). For the group Spay, let L2.(Sp4y,) denote the part of the residual
spectrum obtained as the iterated residue at one of the points

. { (2n—1,...,1,0) € a*Ty(c,
=0 (2n,...,2,1) € ai}y@,
of the Eisenstein series attached to cuspidal automorphic representations of the maximal split torus

T(A) 2 GL1(A) x...x GL1(A). Again, note that L2(S04,) and L%(Sp4y,) are not the full residual
spectra supported in the torus.

Theorem 2.4. In the notation as above, the part L?WO of the residual spectrum of SOy (A) or
Span(A) decomposes into

L%MO = @ A(m),
where the sum is over all cuspidal automorphic representations m = 01 ® ... R o, of the Levi factor
My(A) such that for the group SOy, all o; are isomorphic and have the trivial central character,
while for the group Spyy, all o; are isomorphic, have the trivial central character and L(1/2,0;) # 0.

The irreducible space of automorphic forms A(m) is isomorphic to the image of the normalized
intertwining operator

N@O? T, wl,Mo)
where
ty=(n—1/2,...,3/2,1/2) € ayy, ¢
and wy pr, 15 the longest element of the Weyl group modulo My.
The part L2(SO04) of the residual spectrum of SOy, (A) decomposes into

L3(S04) = @, A1),
where the sum is over all cuspidal automorphic representations 7 = x1 ® ... ® xon of the torus
T(A) such that all x; are equal and X7 is trivial. The irreducible space of automorphic forms A(T)
is isomorphic to the image of the normalized intertwining operator
N(EOa T, th)a
where
tr=02n-1,...,1,0) € apc.
and wy T s the longest element of the Weyl group.
The part L2.(Span) of the residual spectrum of Span(A) decomposes into

L7(Span) = (©:A(7)) © A(lr(w)),
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where the sum is over all cuspidal automorphic representations T = x1 ®...® Xapn, of the torus T'(A)
such that all x; are equal, quadratic and nontrivial, while the character 1y is just the trivial
character of T(A). For the nontrivial T, the space of automorphic forms A(T) is isomorphic to the
sum of the irreducible representations of the form

Qylly,

where in the notation of the proof of Theorem 2.2, 11, is one of at most two irreducible components
IIE of the image of the normalized intertwining operator

N(EO; T, wl,T)J

where

ty=02n—-1,...,1,0) €ap¢
and wyr is the longest element of the Weyl group, such that 11, = II} for almost all v and the
product of all the signs equals 1. The irreducible space of automorphic forms A(1pa)) is isomorphic
to the image of the normalized intertwining operator

N(to, Lr(ay, wir),
where
to=(2n,...,1) € ar¢
and wy T s the longest element of the Weyl group.

Proof. The proof of this Theorem for the split groups goes along the same lines as the proof of
Theorem 2.2 for their inner forms above except for the decomposition of L%(Sp4y,) for a nontrivial
7. Therefore, we first comment the split global normalization factors appearing in the calculation
and then explain the result in that exceptional case.

The normalization factors for the local intertwining operators are at all places defined using
the Langlands—Shahidi method for the generic representations at split places as in Section 1.1.
Therefore, the global normalization factors needed for the decomposition of L?WO are the same as
for the groups G, and HJ, in case (i). For the torus instead of the complicated normalization factor
(19) in the GL} C Hj case, now we have just the split GL; C SLy case where

L(s, x)
L(1+ s, x)e(s,X)
and instead of (17) in GL} x GL} C GL} case we have the split GL; x GL; C GLg case where

(s, x,w) =

L(s1 — s2,X1x5 ')
L(1+4 51— s9, x1x5 )e(s1 — s2,x1x2 1)
Observe that for the group SOy, all the simple reflections correspond to GL; x GL1 C GLs case
and that is the reason of a simpler decomposition.

For the group Sp4, and a nontrivial 7, the character x is nontrivial and hence the global nor-
malizing factor r(s, x,w) is holomorphic and non-vanishing for Re(s) > 0. Thus, the hyperplane
2s, = 1 is not singular and besides the usual singular hyperplanes s; —s;11 =1fori=1,...,n—1
appearing for x = x; = Xi+1, we need the singular hyperplane s,_1 + s, = 1 occuring if and only
if x = xn_1 = x5, i.e. x? is trivial. The iterated pole at t, = (2n — 1,...,1,0) indeed occurs for
the intertwining operators corresponding to the Weyl group elements w; r and wy, where w; is as
in the proof of Theorem 2.2. Since x? is trivial, by the global functional equation, (s, x,wq) = 1

r((s1,52), X1 ® x2,w) =
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where w; 7 = wiwp. Therefore, up to the nonzero constant, the iterated residue of the sum of the
intertwining operators (20) equals

N(§07T7w1) + N(t077—7 wl,T)'

Decomposing according to the restricted tensor product over all places shows that the residue can
be written as

N(t{)v T7 wl)[-[d + N(£07 T; UJO)},
where N (t,, 7, wo) is in fact SL2(A) intertwining operator acting on the induced representation

Indgjzzl((‘i))x. Now, the rest of the proof is the same as the end of the proof of Theorem 2.2. The
parity condition on the product of the signs of the representations II, is just the non—vanishing

condition for the term in square-brackets above. [l

In the next Corollary we compare the parts of the residual spectrum of G (A) and H) (A)
obtained in Theorem 2.2 with the corresponding parts of the residual spectrum for the split groups
SOy (A) and Spa,(A) obtained in Theorem 2.4. We use the notation of Theorems 2.2 and 2.4.

Corollary 2.5. In case (i) let w be a cuspidal automorphic representation of the Levi factor My(A)
of the split group SOy (A) or Span(A) which is the global lift of «'. For one-dimensional 7 in cases
(ii) and (iii) let T denote the one—dimensional cuspidal automorphic representation of the mazximal
split torus T(A) of SOy (A) or Span(A) such that the global lift 7 is the unique irreducible quotient
of the induced representation
M,
LA ((1/2,-1/2,...,1/2,-1/2), 7).
Then the map
A(r), if @ is in case (i),
12 Aln') — ¢ A(T), if © is in case (ii),
A(lpen), if 7 is in case (iii),

is an injective map from the set of constituents A(n') of the part L? of the residual spectrum of
G, (A) or H},(A) to the set of constituents of the part L3, @& L3.(SO4n) or L3, & L3.(Span) of the
residual spectrum of the split group SOy (A) or Spsn(A). The image of the map v consists of

(a) all constituents A(m) of L%WO such that m, is square—integrable at every place v € S, and
(b1) for the group G, all constituents A(T) of L3(SOuy),
(b2) for the group H),, all constituents A(T) of L2(Span) such that T, is nontrivial at every place
v € S and the constituent A(1p))-

Proof. The Corollary is a direct consequence of Theorems 2.2 and 2.4. For the description of the
image of 7, let us just recall the global lift to GL2(A) of cuspidal automorphic representations of
GL}(A) defined at the beginning of Section 1. By Theorem (8.3) of [7] the global lift is a bijection
between the cuspidal automorphic representations of GL}(A) which are not one-dimensional and
the cuspidal automorphic representations of GL2(A) having a square—integrable local component
at all places v € S. That gives condition in part (a) of the image of 2. The global lift, as defined in
Section 1 is also a bijection between the one-dimensional cuspidal automorphic representations of
GL}(A) and the residual automorphic representations of GL2(A). Hence, there is no reason for the
conditions in (b1l) and (b2) due to the global lift. However, the condition in (b2) is a consequence
of the decomposition of L? for H/, where the same local condition appears. The reason for such
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local condition lies in the fact that the local normalizing factors in the case GL| C Hj are not of
the same form for split and non—split places. O

Remark 2.6. Observe that by our definition the map 1 sends irreducible constituents to irreducible.
But if A(7') is not irreducible, i.e. 7' is in case (ii) for the group H], then 1 (A(7")) is also not
irreducible. In Theorems 2.2 and 2.4 these spaces of automorphic forms are described more precisely.
The choice of the local components I1,, and I, at split places is the same, while at non—split places
there is just one I, and exactly two choices for 1L, since x, is nontrivial. Moreover, the product
of all the signs of II,, must be equal to one, thus reducing the freedom of the choice. Therefore, we
can not refine the map 1 to get matching of the irreducible constituents. The best we can do is to
define 1(®,11)) to be the sum of all ®,11, such that I, = 11, at all split places. Thus we obtained
matching of the irreducible constituent of A(xw') with the sum of 2151=1 jrreducible constituents of

W(A(T)).

Finally, let F' be a local field of characteristic zero and Dp the quaternion algebra central over
F with the reduced norm det’. The group of invertible elements of D is denoted by GL}(F). Let
G, (F) and H],(F) be the groups of isometries of the hermitian form on the 2n—dimensional right
vector space over Dr defined at the beginning of Section 1.

Now, we prove using the global method that the dual under the Aubert—Schneider—Stuhler
involution defined in [4] and [34] of the principal series Steinberg representation of G}, (F) and
H/ (F) is unitarizable. The proof is based on Theorem 2.2 where the parts of the residual spectrum
of groups G/, (A) and H/ (A) for an arbitrary global quaternion algebra D central over an algebraic
number field k are constructed. In fact, we show that the Aubert—Schneider—Stuhler dual of the
principal series Steinberg representation is a local component of an automorphic representation
belonging to the residual spectrum of GJ,(A) or H) (A) for a suitably chosen D and k, and thus
unitarizable.

The principal series Steinberg representation of G, (F') or H] (F') is the Steinberg representation
supported in the minimal parabolic subgroup with the Levi factor My(F) = GL{(F) x ... X
GL}(F). For the group G, (F) it is the unique irreducible subrepresentation of one of the induced
representations

I((n—1/2,...,3/2,1/2),p'®...®@p) = Indf/[/’g((?)) (,0/1/”_1/2 ®...0 p V3> ®p/ul/2> ,

where p’ is not one-dimensional unitary irreducible representation of GL} (F') with the trivial central
character, and

I((2n—3/2,...,5/2,1/2),(podety) ®...® (pnodety)) =

= Indfjg((?) ((u odety)?" 32 @ . . @ (podeth)r’? @ (uo det};)ul/2> :

where y is a unitary character of F*, p? is trivial and p o det’> an one-dimensional unitary repre-
sentation of GL) (F'). For the group HJ, it is the unique irreducible subrepresentation of one of the
induced representations

I((n—=1/2,...,3/2,1/2),p ®...® ) :Ind]\H/[i})Eg (p'yn*l/2 ®...®p’v3/2®plyl/2),

where p’ is not one-dimensional unitary irreducible representation of GL) (F') with the trivial central
character,

I((2n—3/2,...,5/2,1/2),(podety) ®...® (nodety)) =
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= Indﬁ%g; ((u odeth )32 @ .. @ (uodeth)r*? @ (uo det};)yl/2> ,
where y is a nontrivial unitary quadratic character of F* and podet’, a nontrivial one-dimensional
unitary representation of GL)(F'), and

I((2n—1/2,...,7/2,3/2),(1p odety) ®...® (1p o detl)) =
H!(F _
= IndM’(})EFg ((lp odetp)*" 2@ . .. @ 1podeth)v?® (1po det’F)y?’/Z) ,
where 15 is the trivial character of F* and 1 o det} the trivial representation of GL)(F). The
Aubert—Schneider—Stuhler dual of these Steinberg representations is the unique irreducible quotient
of the induced representations. It is in fact the Langlands quotient since the representations of
M((F) are supercuspidal and all s are in the positive Weyl chamber.

Corollary 2.7. The Aubert—Schneider—Stuhler dual of the principal series Steinberg representation
of GI.(F) and H] (F) is unitarizable, where for the group H), we assume that representation p' of
GL(F) satisfies assumption () of the proof below.

Proof. Let k be an algebraic number field such that at a place w the completion k,, of k is isomorphic
to F'. Let D be a quaternion algebra central over k such that w is one of the places of k where D
does not split, i.e. w € S. Then D ®j kyy = Dp.

For not one-dimensional unitary irreducible representation p’ of GL| (Dr) = D} let p be its local
lift to GLo(F') defined using the Jacquet-Langlands correspondence at the beginning of Section 1.
By Lemma 2.1 of [30] there exists a cuspidal automorphic representation o = ®,0, of GL2(A)
having the trivial central character and such that

ow = p.
For the group H,, we assume that p’ is such that there is a choice of o satisfying the assumption

(*) L(1/2,0) #0,
for a suitable algebraic number field k. Let ¢’ & ®,0), be the cuspidal automorphic representation
of GL}(A) with the global lift o. Then

o, 2y
Similarly, for the nontrivial one-dimensional unitary representation podety of GL|(F) & D there
exists a nontrivial unitary quadratic character xy of A*/k* such that

Xw =
and Y, is nontrivial at every place v € S. For the trivial one-dimensional representation 1 o det/s
of GL|(F) = D}, where 1p is the trivial character of F*, we take y = 1, where 1 is the trivial
character of A* /k*.

Now, by Theorem 2.2, for the representations 7’ & ¢’ ®...®0’ and 7’ = (yodet’)®...® (yodet)
of the Levi factor M/ (A) and the corresponding s, as in Theorem 2.2, the image of the normalized
intertwining operator N (s, 7', w;) is isomorphic to a constituent of the residual spectrum of G/, (A)
or H/ (A). Therefore, the image is unitary and specially at the place w of k the image of the local
normalized intertwining operator

N(ﬁo, 7qu1}> U)l)
is unitary. But in Theorem 2.2 we have also proved that the image of that local normalized
intertwining operator is irreducible. More precisely, for different 7/, it is precisely the Langlands
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quotient of the induced representations defining the Steinberg representations above. As mentioned
there the Langlands quotients for those principal series representations are in fact the Aubert—
Schneider—Stuhler duals of the Steinberg representation. O

[1]
2]

REFERENCES

J. ARTHUR, Intertwining Operators and Residues I. Weighted Characters, J. Funct. Anal. 84 (1989), 19-84

J. ARTHUR, An Introduction to the Trace Formula, in Harmonic Analysis, the Trace Formula and Shimura
Varieties, Clay Mathematics Proceedings 4 (2005), 1-263

J. ARTHUR, L. CLOZEL, Simple Algebras, Base Change, and the Advanced Theory of the Trace Formula, Ann.
of Math. Studies 120, Princeton Univ. Press, 1989

A.~M. AUBERT, Dualité dans le groupe de Grothendieck de la catégorie des représentations lisses de longueur
finie d’un groupe réductif p-adique, Trans. Amer. Math. Soc. 347 (1995), 2179-2189 (and Erratum, Trans.
Amer. Math. Soc. 348 (1996), 4687-4690)

W. CAsseELMAN, F. SHAHIDI, On Irreducibility of Standard Modules for Generic Representations, Ann. Sci.
Ecole Norm. Sup. 31 (1998), 561-589

P. DELIGNE, D. KAzZHDAN, M.F. VIGNERAS, Représentations des algebres centrales simples p-adiques, in
Représentations des Groupes Réductifs sur un Corps Local (1984), Herman, Paris, 33117

S. GELBART, H. JACQUET, Forms of GL(2) from the Analytic Point of View, Proc. Sympos. Pure Math. 33,
part 1 (1979), 213-251

N. GRBAC, On the Residual Spectrum of Hermitian Quaternionic Inner Form of SOs, preprint

M. HANZER, Unitary Dual of the Hermitian Quaternionic Group of the Split Rank 2, Pacific J. Math, to appear
H. JACQUET, Automorphic Forms on GLa, Part II, Lecture Notes in Math. 278, Springer—Verlag, 1972

H. JACQUET, Principal L-Functions of the Linear Group, Proc. Sympos. Pure Math. 33, part 2 (1979), 63-86
H. JACQUET, R.P. LANGLANDS, Automorphic Forms on GL2, Lecture Notes in Math. 114, Springer—Verlag,
1970

H. JacQueT, I.I. PIATETSKII-SHAPIRO, J.A. SHALIKA, Rankin—Selberg Convolutions, Amer. J. Math. 105
(1983), 367464

H.H. KM, The Residual Spectrum of Sps, Compositio Math. 99 (1995), 129-151

H.H. KM, The Residual Spectrum of G2, Canad. J. Math. 48 (1996), 1245-1272

H.H. KM, Langlands—Shahidi Method and Poles of Automorphic L-functions: Application to Exterior Square
L-Functions, Canad. J. Math. 51 (1999), 835-849

H.H. KM, Langlands—Shahidi Method and Poles of Automorphic L—functions II, Israel J. Math. 117 (2000),
261-284

H.H. KM, Residual Spectrum of Odd Orthogonal Groups, Internat. Math. Res. Notices 17 (2001), 873-906

T. KoN-NoO, The Residual Spectrum of U(2,2), Trans. Amer. Math. Soc. 350 (1998), 1285-1358

R.P. LANGLANDS, On the Functional Equations Satisfied by Fisenstein series, Lecture Notes in Math. 544,
Springer—Verlag, 1976

C. MEGLIN, Orbites unipotentes et spectre discret non ramifie, Compositio Math. 77 (1991), 1-54

C. M@EGLIN, Représentations unipotentes et formes automorphes de carré intégrable, Forum Math. 6 (1994),
651-744

C. MEGLIN, Conjectures sur le spectre residuel, J. Math. Soc. Japan 53 (2001), 395-427

C. M@EGLIN, J.—L. WALDSPURGER, Le spectre résiduel de GL(n), Ann. Sci. Ecole Norm. Sup. 22 (1989), 605674
C. M@EGLIN, J.—L. WALDSPURGER, Spectral Decomposition and FEisenstein Series, Cambridge Tracts in Math.
113, Cambridge University Press, 1995

G. Mui¢, The Unitary Dual of p—adic G2, Duke Math. J. 90 (1997), 465-493

G. MuI¢, Some Results on Square Integrable Representations; Irreducibility of Standard Representations, In-
ternat. Math. Res. Notices 14 (1998), 705-726

G. Mui¢, A Proof of Casselman—Shahidi’s Conjecture for Quasi—split Classical Groups, Canad. Math. Bull. 44
(2001), 298-312

G. Mui¢, On Certain Classes of Unitary Representations for Split Classical Groups, Canad. J. Math., to appear
G. Mui¢, G. SaviN, Complementary Series for Hermitian Quaternionic Groups, Canad. Math. Bull. 43 (2000),
90-99



(31]
32]

(33]
(34]
(35]
(36]
(37]

(38]
(39]

(40]

RESIDUAL SPECTRA OF SPLIT CLASSICAL GROUPS AND THEIR INNER FORMS 27

F. SHAHIDI, On Certain L-Functions, Amer. J. Math. 103 (1981), 297-355

F. SHAHIDI, A proof of Langlands’ Conjecture on Plancherel Measures; Complementary series of p—adic Groups,
Ann. of Math. 132 (1990), 273-330

B. SpEH, Unitary Representations of Gi(n,R) with nontrivial (g, K)-cohomology, Invent. Math. 71 (1983),
443-465

P. SCHNEIDER, U. STUHLER, Representation Theory and Sheaves on the Bruhat—Tits Building, Publ. Math.
IHES 85 (1997), 97-191

M. TaDpIi¢, Classification of Unitary Representations in Irreducible Representations of General Linear Group
(Non-Archimedean Case), Ann. Sci. Ecole Norm. Sup. 19 (1986), 335-382

M. Tapi¢, Induced Representations of GL(n, A) for p—adic Division Algebras A, J. Reine Angew. Math. 405
(1990), 48-77

J. TATE, Fourier Analysis in Number Fields and Hecke’s Zeta—Functions, Harvard Dissertation, 1950, in Algebraic
Number Theory, Academic Press, Boston, 1967

D. VoaGaN, Gelfand—Kirillov Dimension for Harish-Chandra Modules, Invent. Math. 48 (1978), 75-98

Y. ZHANG, The Holomorphy and Nonvanishing of Normalized Local Intertwining Operators, Pacific J. Math.
180 (1997), 385-398

S. ZAMPERA, The Residual Spectrum of the Group of Type G2, J. Math. Pures Appl. 76 (1997), 805-835

NEVEN GRBAC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ZAGREB, UNSKA 3, 10000 ZAGREB, CROATIA
FE-mail address: neven.grbac@zpm.fer.hr



