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General Constructions ���
of ���

Multi-Structured 
Designs	
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Cyclotomic classes 

3 

Example 

4 

(Internal) difference family 
C0= {1, 8, 12, 5}, !
C1= {2, 3, 11, 10}, !
C2= {4, 6, 9, 7}!

= { 1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5, !
     5, 5, 6, 6, 6, 7, 7, 7, 8, 8, 8, 9, 9, !
     9, 10, 10, 10, 11, 11, 11, 12, 12, 12 }!

5 

Theorem 
Let cyclotomic classes 

=> An Optimal Frequency Hopping Sequence 

a prime 

6 

A property on external differences 

= {1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 6, 6,!
    6, 6, 7, 7, 7, 7, 8, 8, 8, 8, 9, 9, 9, 9, 10, 10, 10, 10, 11, !
    11, 11, 11, 12, 12, 12, 12}!
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Theorem (Chu and Colbourn) 
a prime 

=> Optimal Frequency Hopping Sequences 

=> Cyclic Balanced Arrays 

for any k 

if 

8 

ρ = (q − 2f − 1)/4!

a difference set 
a subgroup of order ef 

subgroup and its cosets of D 

DSS 

Theorem (Tonchev) 

regular and perfect 

a prime 

9 

v =31=2·5·3+1! =3 as a primitive element modulo 31!

C0 = {30≡1, 36 ≡16, 312≡8, 318 ≡4, 324 ≡2}!
C2 = {9, 20,10, 5,18}  = C032!

C4 = {19, 25, 28,14, 7} = C034 

difference family 

the union is a difference set 

difference system of sets 

Example 

10 

On an Extension Field 

11 

However 

is not a cyclic 
design． 

{C0, C1} is a difference family on the 
additive group of GF(9) 

12 

an extension field 

Discrete Log 

replace ∞ by  (q-1)/2 or 0 
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: the number of the  integer 
  which appears in  

Theorem(Ding and Yin) 

where 

14 

                   { 1, 1, 1, 1, 2, 2, 3, 3, 3, 3, 4, 
4, 4, 4, 5, 5, 5, 5, 6, 6, 7, 7, 7, 7}!

Example 

15 

Example    Even case 

16 

= { 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 4, !
      5, 5, 5, 5, 6, 6, 6, 7, 7, 7, 7, 7, 8, 8, 8, 8, 8,!
      9, 9, 9, 10, 10, 10, 10, 11, 11, 11, 11, 11, !
      12, 12, 12, 13, 13, 13, 13, 13, 14, 14, 14, 14, 14}!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

5 5 3 5 4 3 5 5 3 4 5 3 5 5 

where 

i	


17 

Theorem (Ding and Yin) 

=> FHS with e sequences 17 18 

= {1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 
7, 7, 7, 7, 7, 8, 8, 8, 8, 8, 9, 9, 9, 9, 9, 9, 10, 10, 10, 10, 10, 10, 10, 11, 11, 11, 11, 
11, 12, 12, 12, 12, 12, 12, 13, 13, 13, 13, 13, 14, 14, 14, 14, 14}!

Note： 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

5 5 6 5 4 6 5 5 6 7 5 6 5 5 

q=3・5+1 

(avarage of      ) 
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Geometrical Methods	


Affine Geometry	
 AG(n,q)	


Points	


Line XY	


20	


The number of t-flats in AG(n,q)	


Let	


(Gaussian coefficient)	


The number of  t-flat in AG(n,q) 
containing ∞ :	


The number of  t-flat in AG(n,q) : 	


21	


Example:   The lines of AG(3,3)	

FHS 	
DSS 	


∞ 0	
 13	


∞ 1	
 14	


∞ 2	
 15	


∞ 3	
 16	


∞ 4	
 17	


∞ 5	
 18	


∞ 6	
 19	


∞ 7	
 20	


∞ 8	
 21	


∞ 9	
 22	


∞ 10	
 23	


∞ 11	
 24	


∞ 12	
 25	


1	
 9	
 3	


2	
 10	
 4	


3	
 11	
 5	


4	
 12	
 6	


5	
 13	
 7	


6	
 14	
 8	


7	
 15	
 9	


8	
 16	
 10	


9	
 17	
 11	


10	
 18	
 12	


11	
 19	
 13	


12	
 20	
 14	


13	
 21	
 15	


14	
 22	
 16	


15	
 23	
 17	


16	
 24	
 18	


17	
 25	
 19	


18	
 0	
 20	


19	
 1	
 21	


20	
 2	
 22	


21	
 3	
 23	


22	
 4	
 24	


23	
 5	
 25	


24	
 6	
 0	


25	
 7	
 1	


2	
 21	
 12	


3	
 22	
 13	


4	
 23	
 14	


5	
 24	
 15	


6	
 25	
 16	


7	
 0	
 17	


8	
 1	
 18	


9	
 2	
 19	


10	
 3	
 20	


11	
 4	
 21	


12	
 5	
 22	


13	
 6	
 23	


14	
 7	
 24	


15	
 8	
 25	


16	
 9	
 0	


17	
 10	
 1	


18	
 11	
 2	


19	
 12	
 3	


20	
 13	
 4	


21	
 14	
 5	


22	
 15	
 6	


23	
 16	
 7	


24	
 17	
 8	


25	
 18	
 9	


0	
 19	
 10	


1	
 20	
 11	


4	
 18	
 7	


5	
 19	
 8	


6	
 20	
 9	


7	
 21	
 10	


8	
 22	
 11	


9	
 23	
 12	


10	
 24	
 13	


11	
 25	
 14	


12	
 0	
 15	


13	
 1	
 16	


14	
 2	
 17	


15	
 3	
 18	


16	
 4	
 19	


17	
 5	
 20	


18	
 6	
 21	


19	
 7	
 22	


20	
 8	
 23	


21	
 9	
 24	


22	
 10	
 25	


23	
 11	
 0	


24	
 12	
 1	


25	
 13	
 2	


0	
 14	
 3	


1	
 15	
 4	


2	
 16	
 5	


3	
 17	
 6	


6	
 11	
 10	


7	
 12	
 11	


8	
 13	
 12	


9	
 14	
 13	


10	
 15	
 14	


11	
 16	
 15	


12	
 17	
 16	


13	
 18	
 17	


14	
 19	
 18	


15	
 20	
 19	


16	
 21	
 20	


17	
 22	
 21	


18	
 23	
 22	


19	
 24	
 23	


20	
 25	
 24	


21	
 0	
 25	


22	
 1	
 0	


23	
 2	
 1	


24	
 3	
 2	


25	
 4	
 3	


0	
 5	
 4	


1	
 6	
 5	


2	
 7	
 6	


3	
 8	
 7	


4	
 9	
 8	


5	
 10	
 9	
 22	


Example:   Orthogonal Multi-Structured designs	


2	
 21	
 12	


3	
 22	
 13	


4	
 23	
 14	


5	
 24	
 15	


6	
 25	
 16	


7	
 0	
 17	


8	
 1	
 18	


9	
 2	
 19	


10	
 3	
 20	


11	
 4	
 21	


12	
 5	
 22	


13	
 6	
 23	


14	
 7	
 24	


15	
 8	
 25	


16	
 9	
 0	


17	
 10	
 1	


18	
 11	
 2	


19	
 12	
 3	


20	
 13	
 4	


21	
 14	
 5	


22	
 15	
 6	


23	
 16	
 7	


24	
 17	
 8	


25	
 18	
 9	


0	
 19	
 10	


1	
 20	
 11	


6	
 11	
 10	


7	
 12	
 11	


8	
 13	
 12	


9	
 14	
 13	


10	
 15	
 14	


11	
 16	
 15	


12	
 17	
 16	


13	
 18	
 17	


14	
 19	
 18	


15	
 20	
 19	


16	
 21	
 20	


17	
 22	
 21	


18	
 23	
 22	


19	
 24	
 23	


20	
 25	
 24	


21	
 0	
 25	


22	
 1	
 0	


23	
 2	
 1	


24	
 3	
 2	


25	
 4	
 3	


0	
 5	
 4	


1	
 6	
 5	


2	
 7	
 6	


3	
 8	
 7	


4	
 9	
 8	


5	
 10	
 9	


4	
 18	
 7	


5	
 19	
 8	


6	
 20	
 9	


7	
 21	
 10	


8	
 22	
 11	


9	
 23	
 12	


10	
 24	
 13	


11	
 25	
 14	


12	
 0	
 15	


13	
 1	
 16	


14	
 2	
 17	


15	
 3	
 18	


16	
 4	
 19	


17	
 5	
 20	


18	
 6	
 21	


19	
 7	
 22	


20	
 8	
 23	


21	
 9	
 24	


22	
 10	
 25	


23	
 11	
 0	


24	
 12	
 1	


25	
 13	
 2	


0	
 14	
 3	


1	
 15	
 4	


2	
 16	
 5	


3	
 17	
 6	


∞ 0	
 13	


∞ 1	
 14	


∞ 2	
 15	


∞ 3	
 16	


∞ 4	
 17	


∞ 5	
 18	


∞ 6	
 19	


∞ 7	
 20	


∞ 8	
 21	


∞ 9	
 22	


∞ 10	
 23	


∞ 11	
 24	


∞ 12	
 25	


1	
 9	
 3	


2	
 10	
 4	


3	
 11	
 5	


4	
 12	
 6	


5	
 13	
 7	


6	
 14	
 8	


7	
 15	
 9	


8	
 16	
 10	


9	
 17	
 11	


10	
 18	
 12	


11	
 19	
 13	


12	
 20	
 14	


13	
 21	
 15	


14	
 22	
 16	


15	
 23	
 17	


16	
 24	
 18	


17	
 25	
 19	


18	
 0	
 20	


19	
 1	
 21	


20	
 2	
 22	


21	
 3	
 23	


22	
 4	
 24	


23	
 5	
 25	


24	
 6	
 0	


25	
 7	
 1	
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From AG(n,q)	


Theorem  	

There 	
exists 	
an optimal	
FHS(pcn -1, pc(n−t), pct−1)  for 
any prime number  p, 1 ≤ t < n  and 1 ≤ c.	


Theorem	

There exists a row and column design,  v= qn, block 
size qXq and the number of blocks	


24	


Projective Geometry PG(n-1, q)	


Points	


Line  XY	


The number of lines:	
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There is a special  t-spread:	


for	


where	


A t-spread is a set of t-flats in PG(n,q) which partition 
the points	


There exists a t-spread if and only if 	


26	


be the set of all (t+1)-flats containing S0	


Let	


Property	

(1)	


(2)	


Suppose	


27	


Lemma	


(1)	


(2)	


(3)	


S0	
 A0	


Au-1	


,  S = S0	


F0	


Fu-1	


28	


(1)	


(2)	


Theorem	


Let	


Cyclic MSD	


Cyclic MSD	


=>  Optimal FHS	


holds	


holds	


29	


S	
 A0	


Ah-1	


F0	


Fh-1	
 H0	


Let H0 be a hyperplane of PG(2t+1,q) containing S	


: the (t+1)-flats in H0 containing S	
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Theorem	


(1) Cyclic MSD	
 holds	


in	


(2) Cyclic MSD	
 holds	


in	


 =>  DSS 	
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Example:    DSS on PG(5,2)	
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Line Partition Problem	


•   A partition of the line set of PG(2n,q)	


•   Each class is a partition of the point set of  	

    distinct hyperplane	


(t-partitioning,  hyperplane line spread )	


33	


PG(n-2,q)	


Affine skew resolution and PG Resolution	


AG(n,q)	


PG(n,q)	

Hyperplane PG(n-1,q)	


skew class	


n odd	


34	


Theorem (Fuji-Hara and Vanstone 1988)	


If there exist a hyper skew resolution in AG(2n+1,q) 

and a line partition in PG(2n,q),  then there exists a 

resolution (parallelism) in PG(2n+1,q).	
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Example:   PG(4,2)	
 31 points,  31X5 lines	


C1 = {1, 14, 15},!
C2 = {2, 28, 30},!
C3 = {4, 25, 29}, !
C4 = {8, 19, 27}, !
C5 = {16, 7, 23}!

(1) A disjoint difference family with	


(2) Their union is a difference set  with λ=7	


(3) Perfect Regular DSS	


is a hyperplane	


Base lines of  a cyclic line partition	


36	


A cyclic line partition of PG(4,3) ,  v=121	
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Known Line Partitions	


 PG(2k-2,q) , q prime power,   k=2,3,...	


PG(4,2)	
 PG(6,2)	


PG(4,3)	
 PG(6,3)	


PG(8,2)	
 PG(10,2)	


PG(4,5)	
 PG(4,8)	
 PG(4,9)	


Non Cyclic	


Cyclic	
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The End 
終 

Thank You 


