THE FRANKE FILTRATION OF THE SPACES OF AUTOMORPHIC FORMS
SUPPORTED IN A MAXIMAL PROPER PARABOLIC SUBGROUP

NEVEN GRBAC

ABSTRACT. The Franke filtration is a finite filtration of certain spaces of automorphic forms on the
adelic points of a reductive linear algebraic group defined over a number field whose quotients can be
described in terms of parabolically induced representations. Decomposing the space of automorphic
forms according to their cuspidal support, the Franke filtration can be made more explicit. This
paper describes explicitly the Franke filtration of the spaces of automorphic forms supported in
a maximal proper parabolic subgroup, that is, in a cuspidal automorphic representation of its
Levi factor. Such explicit description is important for applications to computation of automorphic
cohomology, and thus the cohomology of congruence subgroups. As examples, the general linear
group and split symplectic and special orthogonal groups are treated.

INTRODUCTION

Let G be a connected reductive linear algebraic group defined over the field Q of rational numbers.
Let A be the space of automorphic forms on the adele group G(A), where A is the ring of adeles
of Q. We refer the reader to [3], or Section 2 below, for a precise definition of automorphic forms.
The space A is a (g, Ko; G(Af))-module, where g is the Lie algebra of G(R), K a fixed maximal
compact subgroup of G(R), and A the ring of finite adeles of Q.

Let Z(gc) be the center of the universal enveloping algebra of the complexification of g. By
definition, any automorphic form on G(A) is annihilated by an ideal in Z(g¢) of finite codimension.
We fix such an ideal 7, and define A7 to be the subspace of A consisting of automorphic forms
that are annihilated by a power of J.

The space of automorphic forms on G(A) can be decomposed, as a (g, Koo; G(Af))-module, along
the cuspidal support (cf. [8], [18], [15]). The summands are indexed by associate classes of cuspidal
automorphic representations of the Levi factors of parabolic Q-subgroups belonging to an associate
class of parabolic Q-subgroups of G. Given an associate class { P} of parabolic Q-subgroups of G,
represented by P, and an associate class ¢(7) of cuspidal automorphic representations of the Levi
factors of parabolic Q-subgroups in { P}, represented by a cuspidal automorphic representation m of
the Levi factor Lp of PP, we denote by A7 (py ,(r) the corresponding summand in the decomposition
of Ay. This is the notation as in [8], and we refer to Section 1 of [8], or Section 2 below, for
definitions. We say that the automorphic forms in A (p} ,(r) have cuspidal support in the associate
class (7).

Franke defines, in Section 6 of his paper [7], certain filtration of the spaces A ;py of automorphic
forms on G(A). The space Ay (py is the sum of spaces Az (py (r) mentioned above over all
appropriate ¢(m). The quotients of the filtration are described in terms of induced representations.
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2 NEVEN GRBAC

The Franke filtration is refined to individual summands Ay (py () in Section 1 of [8]. However,
the quotients are described as spanned by the main values of derivatives of appropriate Eisenstein
series, and not in terms of induced representations.

The main purpose of this paper is to prove that the Franke filtration of the space Az (p} o(r)
of automorphic forms on G(A), where P is a maximal proper parabolic Q-subgroup of G and 7 a
cuspidal automorphic representation of the Levi factor Lp(A), has at most two non-trivial steps,
and to describe the filtration quotients explicitly in terms of induced representations. This is the
subject of our main Theorem 3.1.

More precisely, we prove that there are two non-trivial filtration steps if and only if the Eisenstein
series attached to m has a pole at the appropriate value s > 0 of its complex parameter. In this
case, the lower filtration step is the (g, Koo; G(Ay))-submodule L7 (py o (r) spanned by the residues
of these Eisenstein series, which are square-integrable automorphic forms. We also describe the
quotient A7 rpy o) /L J.{P},o(x) €xplicitly in terms of induced representations. In the other case,
that is, if there is only one step in the Franke filtration, we describe the space A7 (p} o(x) itself in
terms of induced representations.

Some of these facts were already used, without proof and in a less explicit form, in several papers
dealing with the case of a maximal proper parabolic Q-subgroup of a particular classical group G.
The case G = GL, is considered in [8, Section 5], the case G = Spa, in [12], and the case G = G Lo
over a division algebra in [13]. In all these papers, the motivation for studying the Franke filtration
is to determine the contribution of residues of Eisenstein series supported in a maximal proper
parabolic Q-subgroup to the Eisenstein cohomology of the considered group G (with coefficients
given by a finite-dimensional algebraic representation of G). Therefore, with the exception of [8],
these papers are only focused on the description of the lowest filtration step L7 (p} (), Which is
spanned by the (square-integrable) residues of the Eisenstein series. Having in mind the application
to Eisenstein cohomology, these papers also assume that the ideal J is the annihilator of a finite-
dimensional representation of G(C). This assumption is quite simplifying, since then only the
behavior of the Eisenstein series at certain “not too singular” values of its complex parameter is
required.

In the corollaries to the main Theorem 3.1, we consider the case of Q-split classical groups
in more detail. Some of these were already considered in the aforementioned papers. However,
we consider here arbitrary ideal J, and describe all the filtration quotients explicitly in terms of
induced representations. Corollary 4.1 treats the case of the general linear group, and Corollary
4.2 the case of Q-split symplectic and special orthogonal groups for the so-called Siegel maximal
proper parabolic Q-subgroup. For these groups the required analytic behavior of the Eisenstein
series is known (assuming in Corollary 4.2 Arthur’s description of the discrete spectrum).

The importance of having an explicit description of the Franke filtration can be seen in [11].
There, the full Eisenstein cohomology of the k-split symplectic group G = Spy of k-rank 2 over
a totally real algebraic number field k is computed using the explicit description of the filtration
quotients in terms of induced representations. However, only the ideals J that annihilate a finite-
dimensional representation of G(C) were considered, as only such ideals matter for cohomology.

The paper is organized as follows. In Section 1 we give the preliminaries and fix the notation
regarding the structure of a connected reductive algebraic group defined over Q. The spaces of
automorphic forms and their decomposition, as well as the theory of Eisenstein series, are reviewed
in Section 2. Section 3 contains the main Theorem 3.1 of the paper, that is, the description of
the Franke filtration of the spaces of automorphic forms supported in a maximal proper parabolic



FRANKE FILTRATION OF SPACES OF AUTOMORPHIC FORMS 3

@Q-subgroup. Finally, in Section 4, as corollaries to Theorem 3.1, we make the description even
more precise for Q-split classical groups.

1. PRELIMINARIES AND NOTATION

Let Q, R, and C denote the field of rational, real, and complex numbers, respectively. Let Z be
the ring of rational integers. For a place v of Q, let Q, be the completion of Q at v. For the infinite
place v = oo, we have Q, = R. Let A be the ring of adeles of Q, and Ay the ring of finite adeles.

Let G be a connected reductive linear algebraic group defined over Q. We fix, once for all, a
minimal parabolic Q-subgroup Py of G. Let Py = LyNy be its Levi decomposition, where Lg is the
Levi factor and Ny the unipotent radical. A parabolic Q-subgroup P of G is called standard if it
contains FPy. We have a Levi decomposition P = LpNp, where Lp D Ly is the Levi factor, and
Np C Ny the unipotent radical. Note that G is a parabolic Q-subgroup of itself. We say that a
parabolic Q-subgroup is proper if it is not G.

Let P be a standard parabolic Q-subgroup of G. We denote by X*(Lp) the Z-module of Q-
rational characters of its Levi factor Lp. Let

ap = X*(Lp) ®z R,

and apc its complexification. In the case P = Py, we write ayp and dg ¢ instead of ap, and dap, c.

Let Ap be the maximal Q-split torus in the center of the Levi factor Lp, and X*(Ap) the Z-
module of Q-rational characters of Ap. We write Ay for Ap,. The restriction of characters from
Lp to Ap defines an inclusion of X*(Lp) into X*(Ap) as a subgroup of finite index. Hence,

ap = X*(Ap) Rz R,

and the same for apc.

Let P’ be another parabolic Q-subgroup such that P C P’. Then Lp C Lp/, and the restriction
of Q-rational characters from Lps to Lp defines an injective map from ap: into ap. We identify
apr with a subspace of ap via this map. On the other hand, we also have Ap D Ap/. Hence, the
restriction of characters from Ap to Ap/ gives rise to a surjective map in the opposite direction,
that is, from ap onto ap,. This map is, in fact, a projection onto aps. Let Etg denote its kernel.
It is generated by the characters in X*(Lp) that are trivial on Ap/. Then, we have a direct sum
decomposition

ip = ap @b,
and the same for apc. In particular, if P’ = G in the above discussion, then

ip = ag @ a%.
However, if G is semi-simple, the maximal Q-split torus A¢g in the center of G is trivial, and thus,
ap coincides with ﬁg.

Let ¥ = ¥(G, Ap) denote the set of roots of G with respect to Ag. It is a root system (cf. [5]),
in general non-reduced. Let W be the Weyl group of G with respect to Ag, that is, the Weyl group
of the root system W. The fixed choice of Py defines the set ¥ of positive roots, and the set A of
simple roots, in V.

Observe that Py N Lp is a minimal parabolic Q-subgroup of the Levi factor Lp of a standard
parabolic Q-subgroup P of G. Let ¥y, = U(Lp, Ag) be the set of roots of Lp with respect to Ap.
Then Wy, is a subset of ¥, and we define the set \I/JLFP = U, NPT of positive roots in ¥y,,, and

the set Ay, = U, NA of simple roots in Wr,,. This choice \I/}fp of positive roots defines the open
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positive Weyl chamber in dg, which we denote dg’+. Let pp denote the half-sum of positive roots
in U\ Wy, that is, positive roots of G that are not the roots of Lp. Let Wy, be the Weyl group
of Lp with respect to Ap. It is a subgroup of W.

The conjugacy classes of parabolic Q-subgroups of G are in one-to-one correspondence with
standard parabolic Q-subgroups, that is, every conjugacy class has a unique standard parabolic
@Q-subgroup as a representative. Two parabolic Q-subgroups are associate if their Levi factors are
conjugate. Clearly, an associate class of parabolic Q-subgroups is a union of conjugate classes. We
denote by C the set of associate classes of parabolic Q-subgroups of G, and by { P} € C the associate
class represented by a parabolic Q-subgroup P of G.

Consider the associate class {P} € C represented by a standard parabolic Q-subgroup P of G.
Let W(Lp) denote the set of minimal coset representatives for left cosets of Wy, in W such that
wLpw™! is again a Levi subgroup of a standard parabolic Q-subgroup of G. By minimal coset
representative we mean the element w of minimal length in its coset wW7p . Since Lp is obviously
stable under conjugation by Wy, considering wLpw™! for all w € W (Lp) gives the Levi factors
of all standard parabolic Q-subgroups in the associate class {P}. For w € W(Lp), we denote by
P¥ € {P} the standard parabolic Q-subgroup with the Levi factor wLpw™!.

We fix, once for all, a maximal compact subgroup K of G(A), which is in good position with
respect to Py (as in [18, Sect. I.1.4]). We may and will assume that K = [[ K, where K, is a
fixed maximal compact subgroup of G(Q,) for all places v of Q, and K, is hyperspecial for almost
all v. In particular, K is a maximal compact subgroup of G(R).

Given a standard parabolic Q-subgroup P of G, let X,.(Lp) be the Z-module of Q-rational
cocharacters of the Levi factor Lp. Let

ap = X.(Lp) ®z R,

and apc its complexification. It is dual to the space ap, and we denote by (, ) the standard pairing.
We now define the standard height function Hp : G(A) — ap. For | € Lp(A) it is defined by the
condition

exp(x, Hp(l)) = |x(1)|

for any character x € X*(Lp), where |- | on the right-hand side is the adelic absolute value. For
g € G(A), we write g = Ink according to the Iwasawa decomposition, where | € Lp(A), n € Np(A),
and k € K. Then, we define Hp(g) = Hp(l). This is independent on the Iwasawa decomposition
of g.

Let g be the Lie algebra of G(R), and gc its complexification. We denote by U(gc) the universal
enveloping algebra of gc, and by Z(gc) its center.

2. SPACES OF AUTOMORPHIC FORMS AND EISENSTEIN SERIES

A smooth function f: G(A) — C is an automorphic form on G(A) (cf. [3]) if it is

left G(Q) and Ag(R)°-invariant, where Ag(R)° is the connected component of Ag(R),
Z(gc)-finite, that is, annihilated by an ideal in Z(gc) of finite codimension,

K-finite, that is, the span of all f; with k € K, where fr(g) = f(gk), is finite-dimensional,
of uniform moderate growth, that is, there is » > 0 with the property that for every
D € U(gc) there is Cp > 0 such that |[Df(g)| < Cpllg||” for all ¢ € G(A), where | - ||
denotes a norm on G(A) as in [3, page 195].
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We denote by A the space of all automorphic forms on G(A). It is a (g, Koo; G(Af))-module.

For an ideal J in Z(gc) of finite codimension, let Az be the (g, Ko; G(Af))-submodule of A
consisting of automorphic forms annihilated by a power of 7. The Z(gc)-finiteness implies that
every automorphic form belongs to A for some ideal J.

For an automorphic form f on G(A), the constant term along a parabolic Q-subgroup P of G is

denoted by fp. It is defined for g € G(A) as

fr(g) = f(ng)dn,

/NP(Q)\NP(A)
where Np is the unipotent radical of P, and dn is the Haar measure on the unipotent radical fixed
as in [18, Sect. 1.1.13]. Note that if fp = 0 for all parabolic Q-subgroups P of G, then f = 0. If
fp = 0 for all proper parabolic Q-subgroups P of GG, then, by definition, f is a cuspidal automorphic
form on G(A).

An automorphic form f on G(A) is negligible along a parabolic Q-subgroup P, if for all g € G(A)
the function on the Levi factor Lp(A), given by the assignment

I — fp(lg),

is orthogonal to the space of cuspidal automorphic forms on Lp(A). Given an associate class { P} €
C of parabolic Q-subgroups of G, the space Ay (p) is defined as the (g, Koo; G(Af))-submodule of
A consisting of automorphic forms in A7 such that their constant term is negligible along all
parabolic Q-subgroups outside the associate class {P}. We say that the automorphic forms in
A ¢py are supported in the associate class {P}. There is a direct sum decomposition

AJ - @ Ajv{P}’
{P}eC

first proved in [14]. Note that the summand Ay ¢y, indexed by a singleton {G'}, is the (g, Koo; G(Ay))-
module of all cuspidal automorphic forms on G(A) annihilated by a power of 7.

Let m be a cuspidal automorphic representation of Lp(A), that is, an irreducible submodule
of the (Ip, Koo N Lp(A); Lp(Af))-module of cuspidal automorphic forms on Lp(A). We are not
assuming that 7 is unitary. However, there is a unitary cuspidal automorphic representation g,
and an element Ay € ﬁg, such that

T = mo ® exp (Ao, Hp(+)).

Thus, the space of 7y is the space of smooth K-finite vectors in an irreducible subrepresentation of
the space L2, (Lp(A)) of left Ap(R)°-invariant cuspidal L? automorphic forms on Lp(A).

Given a unitary cuspidal automorphic representation 7y of Lp(A), we define the Eisenstein series
attached to my as follows. Let Vi, be the space of smooth K-finite functions in the my-isotypic

component of LZ,.,(Lp(A)). Let Wy, denote the space of smooth K-finite functions
[ Lp(Q)Np(A)Ap(R)*\G(A) = C

such that for all g € G(A) the function on Lp(A), given by the assignment [ — f(lg) for I € Lp(A),
belongs to V. For A € Et%(c and f € Wr, let

Ialg) = f(g) exp(A + pp, Hp(9)),
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and W, » the space of all such f\. Then, the space Wy, x with the (g, Koo; G(A¢))-module structure
given by right translations is naturally isomorphic to the parabolically induced representation
G(A
I(\, Vi) = Ind(3{3) (Viy @ exp(\, Hp(1))),
where the induction is normalized. However, we may realize this induced representation on the
space Wy, as well, with the action depending on A\. Now the Eisenstein series attached to f € Wy,
and a complex parameter A € ELIG%C is defined, at least formally, as

E(L,N@ = >, hhe= D, f(9)expA+pp, Hp(79))-
TEP(Q\G(Q) YEP(Q\G(Q)
The defining series of the Eisenstein series converges absolutely for the real part of A deep enough
inside the positive Weyl chamber dg”g , and has a meromorphic continuation to all of dIGD’C (for the
proof of these facts see [15, Sect. 7] or [18, Sect. II.1.5 and Chap. IV]).

Let {P} € C be an associate class of parabolic Q-subgroups of G, and let © be a cuspidal
automorphic representation of the Levi factor Lp(A). The associate class ¢(m), represented by m,
of cuspidal automorphic representations of the Levi factors of parabolic Q-subgroups in {P} is a
collection of finite sets

o(m) = {eo(m)}qery
indexed by parabolic Q-subgroups @ in the associate class {P}. The set ¢g(m) consists of cuspidal
automorphic representations of Lg(A), and is defined as

oq(m) = {r" : w € W(Lp) such that Lo = wLpw '},

where (1) = m(w™w), for all I € Lg(A). Since Q is associate to P, the set of w € W(Lp) such
that Lg = wL pw~! is not empty, and thus, () is not empty. We say that 7 and 7" are associate
cuspidal automorphic representations. It is clear that being associate is an equivalence relation on
the set of all cuspidal automorphic representations of the Levi factors of parabolic Q-subgroups of
G.

In order to have a non-trivial contribution of the associate class ¢(m) to the space A7, it is nec-
essary to impose certain compatibility condition on 7 with respect to J. Let x be the infinitesimal
character of the Archimedean component of w. We say that the associate class ¢(m) is compatible
with J if the Weyl group orbit of the infinitesimal character y is annihilated by the ideal 7. Here
J is viewed, via the Harish-Chandra isomorphism, as an ideal of the algebra S(dg)" of the Weyl
group invariant elements in the symmetric algebra S(dg) of ap. Let @7 ¢p) denote the set of all
associate classes () that are compatible with J.

By replacing m with another cuspidal automorphic representation in the same associate class, we
may and will assume that P is a standard parabolic Q-subgroup, and the corresponding \g € dg,
defined as above, belongs to the closure of the positive Weyl chamber ElIGD’Jr. The poles inside dIGD’+ of
the Eisenstein series attached to functions f € Wy, all lie along the locally finite family of singular
hyperplanes (see [18, Sect. IV.1]). Therefore, there is a polynomial p(\) such that

PNE(f, M) (9)

is holomorphic in the neighborhood of .

Assume that p(7) € @7 py. The space Ay (p) () of automorphic forms with the cuspidal
support in the associate class ¢(m), is defined in Section 1.3 of [8]. It is the linear span of the
coefficients in the Taylor expansion of p(A)E(f, A)(g) around A = Ao in some choice of Cartesian
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coordinates. This definition is independent on the choice of the polynomial p()\), and the repre-
sentatives for { P} and ¢(m). It is proved in [8, Sect. 1.4], and also in [18, Sect. III1.2] following a
different approach, that there is a direct sum decomposition along cuspidal support

A2 P D Asrrew:

{P}eCp(m)ed s (p)

of (g, Koo; G(Af))-modules.

In Section 6 of [7], Franke defines a filtration of the (g, Koo; G(Ay))-module Az (py. How-
ever, intersecting with A7 (py ,(x), one obtains the Franke filtration of the (g, Koo; G(Ay))-module
A7 (P}p(m)- 1t is a descending filtration

D Ay,{P},w(ﬂ’) D) A?:%P},(p(ﬂ') ... ,
indexed by ¢ € Z, in which only finitely many steps are non-trivial. We give more details regarding
the Franke filtration, at least for a maximal proper parabolic Q-subgroup P, in the proof of Theorem
3.1 below.

3. THE FRANKE FILTRATION OF A7 1p} ,(r) FOR P MAXIMAL PROPER PARABOLIC Q-SUBGROUP

In this section, P is a standard maximal proper parabolic Q-subgroup of GG. Since P is maximal
proper, there is a unique simple root o € A, which is not a root in ¥y, and the space dg is

one-dimensional. As in [20], we fix

a=(pp,a’) 'pp
to be the basis of ﬁIGD, where " is the dual root of a. Thus, we may write an element \ € dg,(c, as
A = sa, where s = (\, ") € C. In this basis, the open positive Weyl chamber in dgc consists of

all sa € dg’(c such that Re(s) > 0.

Let P = LpNp be the Levi decomposition of P. There is a unique non-trivial element wq in
W (Lp). Recall that a standard parabolic Q-subgroup of G is self-associate if it is the only standard
parabolic Q-subgroup in its associate class. In our case, P is self-associate if and only if P*° = P.
Otherwise, that is, if P is not self-associate, there are two standard parabolic Q-subgroups in { P},
namely, P and P"°.

Let 7 be a cuspidal automorphic representation of Lp(A). Write

T = o & exp(so&, HP(>>7

as in Section 2, where 7 is a unitary cuspidal automorphic representation of Lp(A), and sp& € ﬁg,
i.e., sg € R. As explained in Section 2, it is not restrictive to assume that the representative m
of the associate class ¢(m) is such that sp > 0. We also assume that the associate class ¢(m) is
compatible with J, since otherwise the space Ay (py ,(x) is trivial.

Let 70 be the conjugate of m by wp. It is a cuspidal automorphic representation of Lpuwo(A).
Then

T 2 7% @ exp(—s0a™, Hpwo(+)),

where o is the unique simple root in A not being the root of Lpuwo, and 75° is a unitary cuspidal
automorphic representation of Lpwo(A) conjugate to mg. Note that o = « if P*0 = P.

Consider the Fisenstein series

0

E(f,sa)(9g)
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attached to 7o as in Section 2, where s& € Elg(c and f € Wy,. It has a finite number of simple poles
in the real interval

{sa e 0% 0<s < (pp,a’)},
and the other possible poles lie in the region Re(s) < 0 (cf. [15, Sect. 6] or [18, Sect. IV.3]). Let

Lo pratn = {Ressesy B(f.58)(9) : f € Wr, |

be the space of the residues at s = s of the Eisenstein series attached to mo. Then, L7 (py ,(x) is @
(9, Koo; G(Ay))-submodule of A7 1py (), and clearly, it is non-trivial if and only if the Eisenstein
series E(f,sa)(g) has a pole at s = s¢ for some f € W,,. By the Langlands square integrabil-
ity criterion (cf. [18, Sect. 1.4.11]), the automorphic forms in L7 (py o(x) are square-integrable.
Therefore, the space L7 (py ,(x) is the space of smooth K-finite vectors of a residual automorphic
representation of G(A).

Theorem 3.1. Let G be a connected reductive linear algebraic group defined over Q. Let P be a
standard maximal proper parabolic Q-subgroup of G, and 7 a cuspidal automorphic representation of
Lp(A). The Franke filtration of the (g, Koo; G(Ay))-module Ay (py o(x) coincides with the filtration

{0} € L7 Pyomm) € A7 (P} p(m)s

which consists of at most two mon-trivial filtration steps.

The lower filtration step Lz (py o(x) 15 non-trivial if and only if the Fisenstein series attached
to my have a pole at s = sg > 0. It consists of square-integrable automorphic forms obtained as
residues at s = sg of these Fisenstein series.

The quotient Az (py o(r)/ LT {P}o(x) 18 always non-trivial, and isomorphic as a (g, Ko; G(Ay))-
module to

+
(I(O, Vi) @ S(ELIG{CD ., if so =0 and P" = P and m,"° = m
(

A s E U =
T AP () LT {PYe(r) { (0, Vi) ® S aIG%C)’ otherwise,

where S(a% ) is the symmetric algebra of 4%, and the (g, Koo; G(Af))-module structure on the
right-hand side is given as in [7, page 218]. The space

(100, Vig) ® S(@%))

is the 1-eigenspace of the self-intertwining operator M (wq) acting on I1(0,Vz,) ® S(dgc) defined in
[7, page 234].

Proof. The proof is based on Theorem 14 of [7], in which the filtration quotients for the (g, Koo; G(Ay))-
module A 7.{p}y are described in terms of induced representations, combined with the cuspidal
support point of view taken in the proof of Theorem 1.4 of [§].

Given P and 7 as in the theorem, let M 7 (p) ,(x) denote the set of triples (R,II, \), where

e R is a standard parabolic Q-subgroup containing an element of the associate class { P},
e II is a discrete spectrum representation of the Levi factor Lr(A),

e )\ is an element of the closure of the positive Weyl chamber dg’+

I eXp<)" HR()>

, such that the representation
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of Lr(A) is supported in the associate class ¢(7), and the Weyl group orbits of its infinites-
imal character and the infinitesimal character of w coincide; in particular, it is compatible
with J.
In our case, since P is maximal, there are not many possibilities for R. We have either R = G, or
R in the associate class {P}.
For R = G, 1I is necessarily a residual representation of G(A) supported in (), and clearly
A = 0. Such IT exists if and only if the Eisenstein series attached to mg has a pole at s = sg. Then,
I is isomorphic to the space L7 (py ,(r) spanned by the residues. Hence,

(G L (Pye(m:0) € Mg (P} o(m);
if and only if £ 7 1py () i non-trivial.
For R in the associate class { P}, there is always the triple

(P, Vo, 500) € Mg (p}p(m)-
Another candidate for a triple in M 7 (p} () 18 the conjugate by wy of the previous one, that is,

(Pwo, ng)o 5 —Sodwo) .

However, if sy > 0, then —sp@™° is not in the closure of the positive Weyl chamber ELIG;;UJB, so the
conjugate triple is never in M7 (py ,(x)- Suppose that so = 0. If P*° = P and 7% = 7, then
the conjugate triple coincides with the original one. Otherwise, that is, if sg = 0, and P“° # P or
7y ° ¥ mo, the conjugate triple is another triple in M7 (P} p(m)-

We conclude the above discussion by listing the sets M 7 (py () in all possible cases. There are
four cases:

Case 1: L7 (p}o(x) 7 {0}, which implies that so > 0, and P** = P and m;° = 7,
Case 2: so>0andﬁj{p}¥, = {0},

Case 3: so =0 and P“0 =P and 70 = 7o, which implies that £ (p) ,(x) = {0},
Case 4: sp =0, and P*° # P or 7% 2 g, which implies that £z (py o) = {0}

Observe that, since the Eisenstein series is holomorphic on the imaginary axis (cf. [18, Sect. IV.1]),
we have sop > 0 in case 1, and L7 (p} o(x) = {0} whenever sy = 0, that is, in case 3 and case 4.
According to [18, Sect. IV.3], if P*0 # P or my° 2 mp, the Eisenstein series attached to mg is
holomorphic in Re(s) > 0. Since in case 1 there is a pole of this Eisenstein series at s = s¢9 > 0, it
follows that P"° = P and m;"° = my. Then

{(G L7 (P} o(m) 0),(P, Vﬂo,sod)}, in case 1,
{(P Vo soa)} in case 2,
Mg (pyom = {(P Vios 0)} in case 3,
{(P, Vzy,0), (P™,V, 0, 0)}, in case 4.

For a pair of triples (R,II,\) and (R',II', \') in M 7 ¢py ,(r), we define the set of morphisms as
the set of all w € W(Lg) such that R = R*, TI' = TI*', and A" = A*. This turns Mz (p} o(x) into
a finite category, which is a groupoid, since every morphism is an isomorphism. The assignment

(R,IL ) — I(ATI) ® S(aF ¢)

defines a functor, which we denote by M, from M (py ,(x) to the category of (g, Koo; G(Af))-
modules. This functor maps a morphism w of triples in M7 (py ,(x) to an intertwining operator
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M (w) attached to w of corresponding (g, Koo; G(Af))-modules as defined in [7, page 234]. Since
we do not need a precise definition, we only remark that the definition of M (w) involves not only
the standard intertwining operators acting on induced representations (cf. [18, Sect. II.1.6]), but
also their derivatives.

In our situation, the category Mz (py () is discrete in case 1 and case 2, that is, the only
morphisms are identities. This is due to the fact that sg > 0, so that —spa™® is no longer in the
closure of the positive Weyl chamber. In case 3, we have a single object in M7 (p1 ,(x), Which
has two morphisms: the identity and wg. In case 4, we have two objects, and a single morphism
between any pair of objects: the identities on each of the two objects, and the morphisms wgy and
wy ! between them.

The final ingredient for the filtration is an integer valued function T'7 (py (). It is defined on
the subset Sz (py ,(x) Of ap consisting of all A € ﬁg appearing as the third entry of a triple in
M 7 (P} (), Viewed as elements of ag via the embedding of ﬁg into dg. This set is finite in general,
because A is required to be compatible with J, meaning that A is among restrictions to ﬁ% of
elements in @y annihilated by J. There is only finitely many such restrictions, since the ideal J of
finite codimension in Z(gc), viewed via the Harish-Chandra isomorphism as an ideal in S(dg)",

annihilates a finite set of Weyl group orbits in dg. In our case, we have

{0,s0a}, in case 1,

S7(Pye(x) =\ {so@}, in case2,
{0}, in case 3 and case 4,

where sg > 0. Function T'7 1p} () is not unique. It is any function defined on the set S (py (x)
with values in Z satisfying the property given in [7, page 233]. For the maximal proper parabolic
case, this property is equivalent to

Tj7{p}7¢(ﬂ)(810~4) > Tj7{p}7¢(ﬂ)(820~4) if S1 < 89.

The filtration is independent on the choice of Tz (py ,(r) (up to the numeration of filtration steps).
We take T'7 (py () defined by

1, in case 1,
T7,(Pyem(0) = { 0. in case 3 and case 4,
T7.(Pyp(r)(s0a) = 0 for sop>0.

Next, we invoke Franke’s Theorem 14 of [7]. Considering the cuspidal support, it provides a
description of the quotients of the Franke filtration

i i+1
s 2 Ag,{p},w(w) 2 AJ,{P},AO(W) 2
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of A7 (p},s(r), indexed by i € Z. More precisely, the quotients are isomorphic as (g, Koo; G(Ay))-
modules to

dim a§
A’ AT = colim M(R,1I, )\)
TAPLem 7T (P} e(m) keal (BILAEM 7 (P} o(m)
B dim a§=k
T7 (P} o(m (A=
dim a§
= colim IO @ S(6% ),
% (R7H7)\)€MJ7{P},LP(7T) A,

dim a§=k
T7,(P},e(m (N)=
for all ¢ € Z, where M is the functor, defined above, from the category M 7 (p} () to the category
of (g, Koo; G(Af))-modules, and the colimit is the colimit in the category of (g, Koo; G(Af))-modules
of the functor M, restricted to the subcategory of all triples in M 7 (p} () With dim dg =k (cf. [16,
Sect. II1.3]). Observe that all but finitely many quotients are trivial, since the range of T'7 {py
is finite.

In case 1 this description of the quotients implies that the Franke filtration of Az (py o(r) is a
two-step filtration

()

_ 40 1
A7 (Pyotn) = AT (P)om) 2 Az (P 2 {0h
as the range of Ty (py ,(r) is {0, 1}. Since the category M s (py ,(r) is discrete, the colimit is just
the direct sum of objects, and we have
1 ~
A7 Py = M(G Ly (Prp(r), 0) = L7,(P}p(m);
which is non-trivial precisely in this case. The quotient is isomorphic to
0 1 _
A7 1Prom/ AT aPyem = ATLPhem)/ LT {PYe(m)
M (P, Vzy, S0)
(06, Vry) ® S(a3 ).

Il

I

This proves the theorem in case 1.
In the remaining cases, the Franke filtration is just one-step filtration

A7 1Pyt = AT (P 2 {0}

as the range of T (p} ,(x) is {0}. Note that in all these cases L 7 (py ,(r) I8 trivial. Hence, according
to the description of the quotients, we have

0 _
A7 (Prom) = Ag{Phen)

) colim M(R,II, \)
(R7H7>‘)€M~77{P}»S@(7’)
o colim I(ATD) ® S(aF ¢)-

(RILNEM 7 (P}, o(m)

It remains to determine the colimits.
In case 2, the category M7 (py () is discrete and consists of a single object. Hence,

A% 1Py o(m) = 1500, Vi) @ S(a8c)
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in this case.

In case 3, there is a single object in the category M 7 (p} (x) With two morphisms: the non-trivial
morphism wy and the identity. Hence, the colimit is the coequalizer of the two morphisms. That is,
it is the quotient of M (P, V,,0) by the (g, Koo; G(Af))-submodule W consisting of all x — M (wo)z,
where z € M(P,V,,,0), and M (wp) is the intertwining operator acting on M (P, V,,0). On the
other hand, using the functional equation for the standard intertwining operators (cf. [18, Sect.
IV.1]), one can show that M (wp)? is the identity on I(0, Vy,) ® S(8% ), so that it decomposes into
the direct sum 7

I(Oa Vﬂo) ® S(dg,(C) = (I(O7 Vﬂo) ® S(ﬁg,<c>)+ D (I(O7 VWO) ® S(dg,(C))_

+
where (I (0, Vzy) ® S(ﬁgd) is the +1-eigenspace of M (wg). Observe that W is precisely the
—1-eigenspace. Therefore, the quotient is

~ y +
A%v{P}M(ﬂ’) = (1(0, Vry) ® S(“JGD,C))

in this case.
In case 4, the category M s (py ,(x) has two objects and a single morphism between each pair of
objects. The colimit over such category is the quotient

(M(Pv V7r070) ©® M(Pw0>v7r§’°’0)> /W

of the direct sum of the two isomorphic (g, Koo; G(A))-modules by the (g, Koo; G(Af))-submodule,
again denoted W, consisting of all x — M (wp)z, where z € M (P, V,,,0). However, this quotient is
clearly isomorphic to one of the two isomorphic summands. Hence,

AT (ot = 10, Vi) @ S(a5c)
in this case. 0
Remark 3.2. The definition of the intertwining operator M (wq) in [7, page 234] involves not

only the standard intertwining operators on the induced representations, but also their derivatives.
Since these derivatives are no longer intertwining operators, the 1-eigenspace

(100, Vy) @ S(a80)) F

of M(wo) appearing in Theorem 3.1 is not easy to describe as a (g, Koo; G(Af))-module. However,
one can show that as a vector space it is isomorphic to the direct sum

o0

D (10.Vr)” @ 85(aEc))

j=0
where €; = (—1)7, and I(0, Vyr,)% is the ¢;-eigenspace of the action of the standard self-intertwining
operator M (0,wp) acting on I(0,Vy,) as defined in [18, Sect. I1.1.6], and S;(a% ) is the j-th
summand in the standard grading of the symmetric algebra. ’

We end this section with a corollary, in which we state separately the non-self-associate case,
that is, P # P or my"° % m.

Corollary 3.3. Let G be a connected reductive linear algebraic group defined over Q. Let P be a
standard maximal proper parabolic Q-subgroup of G, and m a cuspidal automorphic representation
of Lp(A). Suppose that one of the following conditions hold:
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e cither P is not self-associate, that is, PY° # P,
e or P is self-associate, but my° % m.

Then, the Franke filtration of the (g9, Koo; G(Ay))-module Az (py o(x) 95 one-step filtration, and

Az (P = (500, Vi) @ S(83 ),
as a (g, Koo G(Af))-module.

Proof. According to [18, Sect. IV.3], if any of the two conditions in the corollary is satisfied,
the Eisenstein series attached to mp have no poles in the right half-plane Re(s) > 0. Hence, in
terminology of the proof of Theorem 3.1, we are either in case 2, or in case 4. In both cases,
by Theorem 3.1, the Franke filtration is one-step filtration, and A; (py o(r) is as stated in the
corollary. U

4. COROLLARIES FOR QQ-SPLIT CLASSICAL GROUPS

For Q-split classical groups, in some cases it is possible to make the statement of Theorem 3.1
even more precise. This is due to the fact that the required analytic behavior of the Eisenstein
series is known. We retain the notation of Section 3.

We begin with the case of the general linear group over Q. The description of the lower filtration
step in this case was already used in Section 5 of [8]. The analytic properties of the Eisenstein
series are obtained in [17]. In this section we write 7y instead of V, for the mp-isotypic space of
cuspidal automorphic forms on GL,(A). This is to stress that, by the multiplicity one for GL,,(A)
(cf. [22, Thm. 5.5]), Vg, is isomorphic to m.

Corollary 4.1. Let G = GL,, be the general linear group of n X n invertible matrices over Q. Let
P be a standard mazximal proper parabolic Q-subgroup of G. Then Lp = GL,, X GL,, for some
positive integers m, m’' € Z~q such that m +m' = n, and

a = (detgr,,)™ /" @ (detgr, ,) ™™™ € a§.

Let m @ @' be a cuspidal automorphic representation of Lp(A), where m and ' are cuspidal auto-
morphic representations of G Ly, (A) and G L, (A), respectively. Writing

@ = mldetar,, ™" ® moldetar, |7som/m — (mo ® m)) @ exp(sod, Hp(-)),

where my and w(, are unitary cuspidal automorphic representations of GLy,(A) and GLyy (A), re-
spectively, we may assume, as in Section 3, that sg > 0.
(1) If the following conditions
e n is even and m =m' =n/2,
o my =7y and so =1, i.e., T@ 7 = 7T0|detGLn/2|1/2 ® Wo’detGLn/2|_1/2,
are satisfied, then the Franke filtration of the (g, Koo; G(Ay))-module Az (py o(x) @5 a two-
step filtration

{0} C L7 (P} C A7 (P

The lower filtration step is isomorphic to

L7 {P}o(m) = J(6&,m0 @ m0)
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as a (g, Koo; G(Ay))-module, where J(&,mg ® mg) is the unique irreducible quotient of the
nduced representation

I(a,m ®mp) = IndIGD(Lg)(A) (770|detn/2|1/2 ® 7To|detn/2]*1/2) ‘

The quotient is isomorphic to
Az (Prom/ LT Prom = 1(@ m0®m) ® S(E3e)

o~ mdgfg)“*) <w0|detn/2\1/2 ® mo|det,, /2|—1/2) ® S(a%c)

as a (g, Koo; G(Af))-module.
(2) If conditions in (1) are not satisfied, then the Franke filtration of the (g, Koo; G(A¢))-module
AJ,{P}7SO(71-) is one-step filtration. In this case,

(a) if
. o,
e n is even and m =m/ =n/2,
o o =7 and so =0, i.e., TR = mH R M,
then

o . +
Az iprem = (10,70 ®m) ® S@EEe))
+
= (IndIGD(LK)(A) (mo ® m) ® S(agc))

as a (9, Koo; G(Af))-module, where + in the exponent denotes the 1-eigenspace of the
action of M (wq) as in Theorem 3.1,
(b) otherwise, that is, if neither the conditions in (1), nor those in (2a), are satisfied, then

Az (Prom = I(sod, m @ mh) @ S(aFc)

=~ Indp " (”O\detGLm o/ @ mp|deter,, I_SOm/n) ® S(apc)

as a (g, Koo; G(Ay))-module.

Proof. In this case the analytic behavior of the Eisenstein series is known from [17]. The conditions
in part (1) of the corollary are precisely the conditions for the Eisenstein series attached to mp ® 7,
to have a pole inside Re(s) > 0. The description of the space of residues as the unique irreducible
quotient of an induced representation is also due to [17], and, according to Theorem 3.1, this space
is isomorphic to the lower filtration step in the Franke filtration. The description of the quotient
in part (1) follows then directly from Theorem 3.1.

In part (2) of the corollary, the Eisenstein series has no pole inside Re(s) > 0 (again by [17]).
Hence, by Theorem 3.1, the Franke filtration of A7 (py ,(x) is one step filtration. The description of
A7 (P} ,p(x) follows directly from Theorem 3.1. Observe that part (2a) of the corollary is precisely
the case sp = 0, P = P and (my ® 7)™ = mp ® 7(,, in which the 1-eigenspace of the intertwining
operator M (wq) appears in Theorem 3.1. O

Finally, we consider the case of the Q-split symplectic or special orthogonal group G of Q-rank
n > 2, and the associate class of the Siegel standard maximal proper parabolic Q-subgroup of G.
This is the parabolic Q-subgroup P of G such that the unique simple root o not being the root of
the Levi factor Lp is the last simple root of G in the standard ordering (as in [5]). The Levi factor
Lp of P is isomorphic to GL,,.
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In this case the analytic properties of the Eisenstein series are studied in [10], using the results
of [6]. The poles inside Re(s) > 0 are determined in terms of the poles of the symmetric or exterior
square L-functions (and for the symplectic group also the non-vanishing of principal L-functions
for GL,,). The paper [10] argues further, assuming Arthur’s description of the discrete spectrum for
classical groups (cf. [1], [2]), conjectural at the time, that the only possible pole inside Re(s) > 0
of the L-functions in question is at s = 1.

Corollary 4.2. Let G be one of the Q-split classical groups Span, SOony1, and SOy of Q-rank
n > 2. Let P be the Siegel standard maximal proper parabolic Q-subgroup of G, i.e., the standard
parabolic Q-subgroup such that the unique simple root « of G that is not a root of Lp is the last
root in the standard ordering of simple roots of G (as in [5]). Then Lp = GL,, and

. det, for G = Spoy,
@= det1/2, for G = S03, and G = SOgp41.

Let

7 = ol det %0 = mo ® exp(soc, Hp()),  for G = Span,
>~ 1 =\ 7o ®exp(2s0d, Hp(-)), for G = SOspi1 and G = SOay,

be a cuspidal automorphic representation of Lp(A), where my is unitary cuspidal, and sy > 0.
Note that we use, as in [21, page 5|, a slightly different normalization of so in the case of special
orthogonal groups. Assume Arthur’s description of the discrete spectrum for classical groups (cf.
[1], [2]).
(1) Suppose that the following conditions
e T is self-contragredient,
if G = SO2p 41, then o is orthogonal, i.e.,
L(s,mo, Sym?) has a pole at s =1,
if G = Spoy, or G = S04, then my is symplectic, i.e.,
L(s, o, A?) has a pole at s =1,
e if G = Spay, then L(1/2,m) # 0,
® S) = 1/2,
are satisfied, where L(s,mg) is the principal L-function, and L(s,mo, Sym?) (resp. L(s, 70, A?))
are the symmetric (resp. exterior) square L-functions. Then, the Franke filtration of the
(9, Koo; G(Ay))-module Az (py o(x) 95 a two-step filtration

{0} C L7 (Pypmm) C Az (Pho)-

The lower filtration step is isomorphic to

L ~ J((I/Q)da 7TO)7 fO’I’ G = Sana
TAPLe(m) = J(a, m), for G = SO9,11 and G = SOs,,

as a (9, Koo; G(Af))-module, where the right-hand side denotes the unique irreducible quo-
tient of the induced representation

G(A) 12\ ~ J 1((1/2)&,m), for G = Span,
IndP(A) <W0| det | ) - { I(&,m), for G = S09,4+1 and G = SOy,
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The quotient is isomorphic to

I((1/2)a, mp) ® S(apc), for G = Spa,
I(d,’/’l’o) & S(dpﬂj), for G = S09,41 and G = SOo,

N Indgggg (w0| det |1/2) ® S(apc)

as a (g, Koo; G(Ay))-module.
(2) If the conditions in (1) are not satisfied, then the Franke filtration of the (g, Koo; G(Ay))-

module Az (py (x) 1S one-step filtration. In this case:
(a) if

e 1 is self-contragredient,

e ifn is odd, then G # SOy,

e s0=0,

then

12

A7 1Py o)/ LT (P} ()

Az (Prom = (1(0,m) ® S(dpc))”
+
= (mdfi4) (mo) © S(arc))

as a (g, Koo; G(Ay))-module, where + in the exponent denotes the 1-eigenspace of the
intertwining operator M (wg) as in Theorem 3.1,

(b) otherwise, that is, if neither conditions in (1), nor conditions in (2a), are satisfied,
then

I

A I(Sod) 7T0) & S(aP,(C)a fOT G= Sp?n
T AP}e(r)

I(2sp, mp) ® S(ﬁp’(c), for G = SO9p41 and G = SO,

Indggig (mo|det |*°) @ S(apc)

as a (g, Koo; G(Af))-module.

Proof. Assuming Arthur’s description of the discrete spectrum of G(A) (cf. [1, Sect. 30], [2]), and
relying on the results of [6], the analytic behavior for Re(s) > 0 of the Eisenstein series attached to
7o is determined in [10]. There is a pole inside Re(s) > 0 if and only if the conditions in part (1)
of the corollary are satisfied. Hence, according to Theorem 3.1, the Franke filtration is a two-step
filtration, and the lower filtration step is spanned by the residues of the Eisenstein series.

The space of residues is described in [10] as the image of the normalized intertwining operator
(as defined in [20]) that intertwines

G(A G(A _
mdf() (mol det|'/2) — nd() (mo|det|7/2).

12

However, Lemma 4.4 shows that the image of that operator is irreducible, and isomorphic to the
unique irreducible quotient denoted by J in the corollary.

The description of the quotient in part (1), as well as part (2) of the corollary follow directly
from Theorem 3.1. For part (2a) observe that 7 is self-contragredient if and only if 75 = 79, and
that the Siegel parabolic Q-subgroup of G is self-associate, except if n is odd and G = SOs, (cf.
[21, Lemma 3.4]). O

Remark 4.3. If n is odd, and either G = Spy,, or G = SO,, then the Franke filtration of
A7 P} ,o(r) 18 one-step filtration for any m. This follows from the fact that there are no symplectic
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cuspidal automorphic representations of G L, (A) with n odd (cf. [1, Sect. 30]), and thus, the second
condition in part (1) of the corollary is never satisfied.

Lemma 4.4. Let G be one of the Q-split classical groups Span, SOant1 and SOz, of Q-rankn > 2.
Let P be the Siegel parabolic Q-subgroup of G as in Corollary 4.2. Let mg be a unitary cuspidal
automorphic representation of Lp(A). Then, the image of the normalized intertwining operator

1mdf) (mol det|'/2) — Ind3(3) (mo|det|7/2).

as defined in [20], is irreducible, and isomorphic to the unique irreducible quotient of

Indggg (ﬂo\ det |1/2) .
Proof. The lemma follows from the classification of the generic unitary dual of GL,(Q,), which is
obtained by Tadi¢ in [23] for a finite place v, and by Vogan in [24] for v = co. In both cases, since
mo,» 18 the local component at v of a unitary cuspidal automorphic representation, it is unitary
and generic. Hence, by the classification mentioned above, it is a fully induced representation to
Lp(Qy,) = GL,(Q,) from a tensor product of the form

01|det|' ® - - ® 6;|det|”

on the Levi factor of the appropriate parabolic Q-subgroup of Lp = GL,, where §; are unitary
square-integrable representations of the general linear groups, and |e;| < 1/2, fori =1,...,1. We
may assume that e; > --- > ¢;, because the induced representation is irreducible. By the standard
argument, relying on induction in stages, the image of the intertwining operator above is isomorphic
to the image of the longest intertwining operator acting on the induced representation

G(Qy e e
IndQEgvg ((Mdet\ 112 0 L 8;|det| z+1/2) 7

for the appropriate parabolic Q-subgroup @ of G. But this is a standard module for G(Q,), as
e14+1/2> - >e+1/2>0,
so that the image is irreducible at every place by the Langlands classification (cf. [4]). O

Remark 4.5. We finish with a remark on the 1-eigenspaces appearing in the corollaries. As already
mentioned in Remark 3.2, these eigenspaces are not easy to describe as (g, Koo; G(Af))-modules,
since M (wy) is defined in terms of standard intertwining operators and their derivatives. However,
as a vector space, it can be described in terms of +1-eigenspaces of the standard intertwining
operator M (0, wp) acting on the induced representation I(0, 7 ® mg) for G = G L, and I(0, m) for
G one of the Q-split classical groups. Using the Langlands-Shahidi method to normalize standard
intertwining operators (cf. [20]), and passing to the local intertwining operators, one can show
by the theory of R groups (cf. [9]) that M (0,wp) is not a scalar operator whenever the induced
representation is reducible. If the induced representation is irreducible, one can write the sign of
M (0, wp) in terms of L-functions using local coefficients of Shahidi (cf. [19], [20]).
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