THE ZELEVINSKY CLASSIFICATION OF UNRAMIFIED REPRESENTATIONS OF
THE METAPLECTIC GROUP

IGOR CIGANOVIC AND NEVEN GRBAC

ABSTRACT. In this paper a Zelevinsky type classification of genuine unramified irreducible representations
of the metaplectic group over a p-adic field with p # 2 is obtained. The classification consists of three
steps. Firstly, it is proved that every genuine irreducible unramified representation is a fully parabolically
induced representation from unramified characters of general linear groups and a genuine irreducible neg-
ative unramified representation of a smaller metaplectic group. Genuine irreducible negative unramified
representations are described in terms of parabolic induction from unramified characters of general linear
groups and a genuine irreducible strongly negative unramified representation of a smaller metaplectic group.
Finally, genuine irreducible strongly negative unramified representations are classified in terms of Jordan
blocks. The main technical tool is the theory of Jacquet modules.

INTRODUCTION

In this paper we study the representation theory of the metaplectic group over a p-adic field with p # 2,
that is, the unique non-trivial two-fold central extension of the p-adic symplectic group. Its importance
among covering groups comes from the fact that it appears, together with a classical group, as a member of
a dual pair in the theory of theta correspondence and the Weil representation, thus having applications in
number theory.

On the other hand, the structure of this metaplectic group is almost like the structure of split classical
groups [12], so that, in principle, the methods coming from representation theory of classical groups can be
adjusted, with more or less difficulty, to the metaplectic group. In our case, the main technical tool is the
theory of Jacquet modules, which we adjust for the application to the metaplectic group from the paper of
Mui¢ [18] classifying the unramified irreducible representations of split classical groups.

The reader should be aware that not all methods available for the study of representations of p-adic
classical groups are extended to the metaplectic group. For example, the theory of R groups [10] is still not
available. The basic properties of the Aubert—Schneider—Stuhler involution [1], [2], [20] are, at the time of
writing this paper, under consideration by Dubravka Ban and Chris Jantzen, and it seems they hold in the
setting of the metaplectic group. It is very likely that some of our proofs could be considerably simplified
once these techniques are proved for the metaplectic group. However, for instance, the standard module
conjecture [17], [6] fails for the metaplectic group, because the even Weil representation is generic and the
associated standard module is reducible.

Hence, although we expect that most of the methods will eventually become available, we carefully restrict
our tools in this paper to those techniques that are applicable for all I-groups countable at infinity (cf. [3],
[4], [25]), such as Jacquet modules and induced representations, and the Langlands quotient theorem [14].
Classical groups, but also the metaplectic group, are examples of such groups.
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The goal of the paper is to provide the Zelevinsky type classification of (isomorphism classes) of unramified
irreducible representations of the p-adic metaplectic group with p # 2. This type of classification for
split classical groups over a p-adic field is obtained by Muié in [18]. The unramified representations are
important in number theory, in particular the theory of automorphic forms, because the local component of
an automorphic representation is unramified at all but finitely many places of the number field. For many
number theoretic applications it is sufficient to work only with such “unramified places”. Hence, having a
good classification of unramified representations for the metaplectic group is of considerable interest, not
only for the representation theory itself, but also in view of number theoretic applications.

The Zelevinsky classification consists of three steps. The first step says that every unramified representa-
tion is a fully parabolically induced representation from unramified characters of general linear groups and
a negative unramified representation of a smaller metaplectic group. Then, negative unramified represen-
tations are described in terms of parabolic induction from unramified characters of general linear groups
and a strongly negative unramified representation of a smaller metaplectic group. Finally, strongly negative
unramified representations are classified in terms of Jordan blocks. For definitions of negative and strongly
negative representations see the body of the paper.

The structure of the paper, after preliminary Sect. 1 on the metaplectic group and Sect. 2 on its represen-
tations, follows basically the three steps of the classification. The first two steps are made in Sect. 3, although
the strong form of the first step cannot be proved until the final Sect. 5, as it requires the classification of
negative and strongly negative representations. The third step is contained in Sect. 4. In Appendix A, to
avoid interrupting the flow of arguments in the proof of classification, we provide a quite long proof of a
certain technical lemma regarding reducibility of certain degenerate principal series representation.

This paper grew out of the first author’s PhD thesis. We are grateful to Goran Muié¢ for turning our
attention to this problem, and for his useful comments and many discussions. We are also grateful to
Marcela Hanzer for useful discussions. The first named author would also like to thank Dubravka Ban, Wee
Teck Gan, Chris Jantzen, Gordan Savin, Ivan Mati¢ and Marko Tadi¢. We are grateful to the referee for
careful reading and pointing out a mistake in an earlier version of the manuscript.

1. METAPLECTIC GROUP

1.1. Two-sheeted central extension. Let F' be a p-adic field of residual characteristic p # 2 with the ring
of integers O, containing g elements in its residue field. We denote by || the normalized absolute value on
F. For an integer n > 1, let Sp(n, F') be the group of F-points of the F-split symplectic group of F-rank n
defined over F. When necessary, we always use the same matrix realization of Sp(n, F) as in [13]. We fix,
once for all, a maximal compact subgroup Sp(n, Q) of Sp(n, F).

Let Sp(n, F') be the metaplectic group, that is, the unique non-trivial twofold central extension of Sp(n, F').
It fits into an exact sequence

1 — o ‘#Sp(n,F) —p»Sp(n,F) — 1,

where po = {£1} is the multiplicative group. As a set Sp(n, F') = Sp(n, F') X ps2, and the maps ¢ and p are
the obvious inclusion and projection. The multiplication is defined by

[h1,€1][h2, €2] = [h1ha, €162 CRao(h1, h2)],  hi € Sp(n, F), € € po, i € {1,2},

where cpq, is the Rao cocyle described in [13], [19].
For an integer n > 1, let GL(n, F') be the general linear group of n X n regular matrices over F. We write

v = |det|p. Consider the two-fold central extension GL(n, F) of GL(n, F), given as the preimage, with
respect to p, of the embedding of GL(n, F') into Sp(n, F') as the stabilizer of a maximal polarization of the
underlying symplectic space. The multiplication is given by

[91,€1][92, €2] = [9192, €162 (det g1, det g2)r], ¢; € GL(n, F), € € po, i € {1, 2},



UNRAMIFIED REPRESENTATIONS OF THE METAPLECTIC GROUP 3

where (, )z is the quadratic Hilbert symbol of F' [24].
By convention, for n = 0 all the covering groups are considered to be us, and all classical groups to be
the trivial group.

1.2. Parabolic subgroups. We fix the Borel subgroup of Sp(n,F) as in [13, Chap. III]. Then, as in
loc. cit., the standard parabolic subgroups of Sp(n, F') are parameterized by ordered partitions of n into
s = (n1,...,ng;n0), where n; > 1, i = 1,...,k, and ng > 0 are integers. We write Ps for the parabolic
subgroup parameterized by s. In the case of s = (—;n), i.e. k=0, we have P; = Sp(n, F). For k =1 we
obtain maximal parabolic subgroups. Partition s = (n;0), with ng = 0, gives the so-called Siegel parabolic
subgroup, which we sometimes denote Ps = P(,.0). There is a Levi decomposition Py = MsNy, where M; is
the Levi factor and N, the unipotent radical.

Let P; and M be the preimages of P; and M in Sp(n, F') with respect to the projection p, and N, =
Ng X {1} Then PS are the standard parabolic subgroups of Sp(n F), and there is a Levi decomposition

P, = M, N!. For the Levi factor MS, according to [12], [11, p. 4], there is an epimorphism ¢ with finite kernel

—~—

¢ —~

GL(nl,F) X - X GL(nk,F) x Sp(ng, F) — M.
Similarly, fixing the Borel subgroup in GL(n, F), the standard parabolic subgroups Ps of GL(n, F) are
parameterized by ordered partitions s = (ny,...,ng) of n into pomtwe integers. Let P; = M Ny be the Levi

decomposition. Then the standard parabohc subgroups P of GL(n F) are preimages of P with respect to

p. We have the Levi decomposition P = M x N, where M, is the preimage of M and N, = N, x {1}.
There is, again, an epimorphism with finite kernel

GL(ny, F) - - x GL(ny, F) -2 M, < GL(n, F).

1.3. Splitting of the cover. Recall that S;(—;L,/F) splits uniquely over Sp(n, Q) (cf. [16, Sect. 2.I1.10]).
We write h +— [h,i,(h)], h € Sp(n,O), for the splitting. By [21, Lemma 2.1], the map 4, is trivial on
Ps N Sp(n, O). Directly, or embedding GL(n, O) into Sp(n, O), where GL(n, ) is a fixed maximal compact
subgroup of GL(n, F'), we obtain the splitting g — [g,1], ¢ € GL(n,0) in GL(n,O). Thus, the splitting
from GL(n,O) and from Sp(n, O) restricted to GL(n,O) match.

Lemma 1.1. Let G be either GL(n, F) or Sp(n, F), and K the fized mazimal compact subgroup of G. Let
K be the image of the splitting of K. In the notation as above, we have

(1) G= PK (Iwasawa decomposition)

(2 P,NEK = (M NK)(N.NK)

)
[E— - ¢ ~
(3) if G = GL(n,F) then, GL(n1,0) x -+- x GL(ng,0) 2 M;N K
— o~
(4) if G = Sp(n, F) then, GL(n1,0) x --- x GL(ng, O) x Sp(ng, 0) 2 M; N K.

Proof. Claim (1) directly follows from the Iwasawa decomposition G = P;K. Claim (2) follows from the
analogous decomposition for G and the fact that the splitting is trivial over Ny. Claim (3) is a direct
computation using the formula for ¢ from [12] and the fact that the Hilbert symbol is trivial on units when
the residual characteristic p # 2.

For claim (4), we need to check that the image of ¢ restricted to the group on the left-hand side really
does lie in K. It is enough to check this on some set of generators. Using the formula for ¢ from [12], we get

¢([917 ]-}7' [gkvl]a [Inov 1]) = [(glv~ .. agkalno)71]a gi € GL(?%,O), i=1,....k,
O(Unys 1] Uy 1 [ g (R)]) = [(Imy B) g (R)], B € Sp(n, O),

where I; is the j x j identity matrix, and m = n —ng. The image in the first formula is in K, as we observed
already that 4,, is trivial on Pg¢ N K. To show that the image in the second formula is in K, it is sufficient
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to prove that ipn,(h) = i, (Im, k), that is, the splitting on Sp(ng, O) should coincide with the splitting on
Sp(ng, ©O) coming from the embedding in Sp(n, ) as a factor in a Levi subgroup. However, the splitting is
unique, so the claim follows. O

2. PRELIMINARIES FROM REPRESENTATION THEORY

2.1. Parabolic induction and Jacquet modules. In this entire section, G is either Sp(n, F) or GL(n, F),
and G its two-fold cover defined in Sect. 1. In both cases we use the notation Ps = M;N for the parabolic
subgroup of G attached to partition s. Since G is an [-group, we have the usual notions of smooth and
admissible representations [3]. Representations that do not act trivially by ps are called genuine, and only
such are considered. With our choice of the Borel group, functors of the normalised parabolic induction and
Jacquet module

Ind$ : Alg M, — Alg G,
rs = Jacq, = Jacq% : Algé — Alg MS,

are defined as in [12], [11], where Alg stands for the category of smooth representations.
For ¢ in AlgG and p in Alg M, we have the Frobenius reciprocity

(2.1) Hom gz (0, Ind%(p)) = Homg (Jacq]%:(a),p) .

Moreover, as remarked in [16, p. 59], all results of [4, Sect. 2] remain valid for the metaplectic group. Recall
that ¢ is a cuspidal representation of G or G if the J acquet module of o is trivial with respect to any proper
parabolic subgroup. Every irreducible representation can be embedded into a representation parabolically
induced from a cuspidal one.

For the group G = GL(n, F) the theory of genuine representations of G can be completely determined
from the representation theory of G, as explained in [11, Sect. 4.1]. There is a bijection between smooth
representations of finite length of G and CNJ, preserving irreducibility and commuting with the parabolic
induction and Jacquet module. This bijection is given by twisting by a fixed genuine character x, of G.
Note that xy is not unique, and we now make our choice for it. Fix a non-trivial additive character ¥ of F'
of even conductor. As in [12, p. 231], we define

Xy ([9,€]) = ey (w%) g (wdef;g)*l , 9EGL(, F), € € p,

where ¢, (x) = ¢(ax), and v(n) is the Weil index.
Now let G = Sp(n,F). For s = (ny,...,nk;n9) and p an irreducible genuine representation of M,
pulling back p with respect to ¢ enables us to think of it as xym ® -+ ® X7, ® T where 7; are irreducible

representations of GL(n;, F), i =1,...,k, and 7 a genuine irreducible representation of Sp(ng, F'). We use
the notation, as for classical groups,
Indgj\/[vs(p) = IndGMvs(del Q@ XpTh @ T) = XypT1 X =+ X XopTh X T.

For G = GL(n, F') we have the same argument and use the same notation, just without 7.
Calculation of the Weyl group action [11, Sect. 3] shows that composition series for G = GL(n, F') remains
the same after permuting ;’s. For G = Sp(n, F'), the composition series also remains the same after taking

contragredients of xym;. Note that xj, = 1, s0 (xymi) = Xy ()@ﬂ), where x7,(g,¢) = (detg, —1)r, g €
GL(n,F), € € po.

By convention, the genuine irreducible representation of Sp(0, F') = ps is denoted by wq, while the genuine

—_~—

irreducible representation of GL(0, F') is written as x,1, where 1 denotes the irreducible representation of
the trivial group.
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2.2. Zelevinsky segment representation. The following lemma summarizes some results of [25] trans-

e~

ferred to GL(n, F') by twisting by x.. Its purpose is also to fix the notation.

Lemma 2.1. Let x be a character of F* and o, 8 € R such that a + 8+ 1 € Zs¢. Recall that v = |det |p.
Representation xyxv ™2 X+ x xy XV has a unique irreducible subrepresentation ((— 08, a, xyX) and a unique
irreducible quotient §(—f, o, xyX), so that

Bta

Xo(xodet)r ™2 2 (=B, a, xpX) — Xp PX X - X XX —> 6(—B, @, Xy X)-

The representation ((—f, o, Xy x) may be characterized as the unique subquotient such thatr .. 1y(((=8, o, xyXx)) =
XoV PX @ -+ @ xpr¥x, while (=B, a, xyX) as the unique subquotient such that ra,..1)(0(=8, a, xyX)) =
XoV*X ® - @ xyr Px.
For the contragredient, we have {(—f, o, XypXx) = Xpr(—a, By xypx 1) and §(—B, a, xpX) = Xfpé(—m ByxuwXx L)
Representation ((—p1, a1, xuX1) X ((—B2, o, Xy Xx2) reduces if and only if x1 = x2, o1 — as € Z and
b1 <—fr—1<a; <ag or =02 < —01 —1<ay <a. In case of reducibility, induced representation has
two non-isomorphic irreducible subquotients and for ay < as we have:

C(_ﬂlaa% XwX) X C(_BQa ale’LL'X) (—>C(_Bla ale’LL'Xl) X C(_ﬂ27a25 XUJXQ)
C(*ﬂz,ag,xqpm) X C(*ﬂl,awaXz) H*C(*ﬂl,az,ch) X C(*52,0417X1/JX)

In case Of eredUCZbthy C(_ﬁla a17X’L[1X1) X C(_ﬁ27 a27X’¢'X2) = C(_B2a a?lePX2) X C(_ﬁla al7X’L[1X1)- Inter-
changing and reversing the arrows, the above statements are valid for §(—f1, 01, XpX1) X 6(—B2, a2, Xy X2)-

Representation {(—8, o, xyX) is called the Zelevinsky segment representation. It is convenient to agree
that if a4+ B8 +1 ¢ Z~o, then (=8, @, xyX) and §(—8, o, x4 x) means x,x1. We write x1,, for the character
x o det of GL(n, F). We see that xyx1, = {(—(n —1)/2,(n —1)/2, xyX)- Also, if x = v x", where x* is
unitary and e(x) is a real number, then we have a uniform notation

XoXln = ((=(n—=1)/2+e(x), (n = 1)/2 + e(x), xpX")-

e~

2.3. Groups R?" and R{“". Let n > 0 be an integer and Rge,,(GL(n, F')) the Grothendieck group of the

category of smooth genuine representations of GL(n, F) of a finite length. It is a free Abelian group with a
basis of classes of irreducible smooth representations. Partial order < is defined as m; < 7o if m — 7y is a

—_——

Z>¢ linear combination of elements of the given basis. Let RI" = P, -, Rgen(GL(n, F)). We use s.s. to
denote semisimplification. We have a map m* : R9°™ — RI°" @ RI",

m*(m) = Zs.s. (Jacq(k,n_k)(ﬁ)) , me RIT,
k=0

where Jacq( ) (7) = xy1 ® 7 and Jacq, g)(7) = 7 ® xy 1. We rewrite, for the case of GL(n, I), the results
of Propositions 3.4 and 1.7 of [25], and Proposition 9.5 of [25], which are originally stated for GL(n, F'), as
follows:

a+pB+1

(22) m (=B xpX) = Y C(=B, =B —1+1i,xyx) @ (=B +1i, 0, XpX),
=0

a+B+1

i=0
(2.4) m*(m X m3) =(m@m) o (id ® k ®id) o (m*(m1) @ m*(m2)),
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where k(z Q@ y) =y @z, m(x @ y) =s.s.(x X y) =s.8.(y X x) and id is the identity. Similarly,

R{™" = @ Ryen(Sp(n, F)),
n>0

and we have a map p* : R{"" — R9°" @ R{“",
i (@) = s (Jacaq (@) o € BRI,
k=0
where Jacq(g.,)(0) = xy1 ® 0, o € R{*". Using Proposition 4.5 of [11] and (2.2) and (2.3), we obtain

a+B+1 4

PGB xgx) X o) = > > > C(=a B xex ) X (=B, =B — 1+ j,xex) X ¢

(2'5) (Rc'<p*(o) =0 j=0
@C(=B+4,—B—1+1i,xyx) X 0.
at+p+1 i
0 pHO(=B o xpx) o) = > S(—ar+14, B, xupx 1) X 8l —j 4+ 1, a, xyx) X ¢
(2.6) (80 (o) i=0 j=0

@d(a—i+1l,a—7j,xypx) ¥

Note that because of the same composition series, we have in R{"

(2.7) C(=Bs 0, xyx) Mo =((=a, B, xyx 1) 0.
(28) 5(_ﬁa «, XwX) No = (5(—04, ﬂ)leXﬁl) X 0.

3. UNRAMIFIED REPRESENTATIONS

3.1. Unramified representations of GL(n, F'). Representation of GL(n, F') is unramified if there exists
a nontrivial vector fixed by GL(n, Q). For the character ¢ fixed in Sect. 2.1, twisting by x, provides a full
correspondence with the theory of unramified representations of GL(n, F). This is because x, is unramified,
i.e., trivial on GL(n,O), for our choice of ¢, by [21, Lemma 3.4]. Hence, the following result of [25] and [5]
is valid for the covering group.

Theorem 3.1. Let the notation be as above.

(1) The induced representation {(—f1, a1, XypX1) X+ - - X (=B, ax, X Xi) reduces if and only if ((—Bi, i, XpXa) X
C(=Bj, a5, xwX;) reduces for some i,j.

(2) Let x1,-..,xk be a sequence of unramified characters of F*. Representation XypX1 X -+ X XypXk has
a unique unramified irreducible subquotient.

—_~—

(3) Let w be a genuine unramified irreducible representation of GL(n, F'). Then there exists a sequence
of Zelevinsky segment representations, unique up to permutation, such that:

™= C(fﬁla Oélel/}XilL) X X C(*ﬁk,akadeXZ)a

where x¢,..., X} are unitary characters of F*.



UNRAMIFIED REPRESENTATIONS OF THE METAPLECTIC GROUP 7

—_~—

3.2. Unramified representations of Sp(n, F'). Representation of Sp(n, F') is unramified if there exists a
nontrivial vector fixed by Sp(n, Q). From [8, Sect. 2.6] (see also [9]), [12] and [11], using the uniqueness of
the cuspidal support, we have the following theorem.

Theorem 3.2. Let the notation be as above.

1) Let x1,...,xn be unramified characters of F*. Induced representation x,X1 X <+ X XyXn X Wo
» P

contains a unique unramified irreducible subquotient, denoted by o(y, vy, .. xuxn)-

(2) Let x1,---,Xn and X}, ..., X, be unramified characters of F*. Representations T (xoX1rXwxn) ANA
T(xuxsrxuxl,) are isomorphic if and only if there exists a permutation h of {1,...,n} and a sequence
(e1,...,€n) € {X1}™ such that x| = X;i(i) i=1,...,n.

—_~—

(3) Let o be a genuine irreducible representation of Sp(n,F). Then there exist unramified characters
X1s- -5 Xn Of F such that 0 = 0y v, .. xuxn)-

A representation is said to be spherical with respect to some compact subgroup, if there exists nontrivial
vector fixed by that subgroup. The following lemma shows that parabolic induction preserves unramified
representations.

Lemma 3.3. Let G be either GL(n, F) or Sp(n, F), and K its fized maximal compact subgroup.
(1) Let o be a smooth M, N K -spherical representation of M. Then Ind%(a) is K -spherical.

(2) Let o be a smooth representation of finite length of M, such that Ind%(a) contains a K -spherical
subquotient. Then o is ]\Z N K -spherical.

(3) Let my,...,m be smooth genuine representations of finite length of GL(n;, F),i=1,...,k, and p a

smooth genuine representation of finite length of Sp(ng, F'). Then my X -+ X T, (resp., T X+ XTEXp)
is unramified if and only if 7;’s (resp., m;’s and p) are unramified.

Proof. For claim (1) define a function on G by f(mn'k) = 6p,(m)2o(m)v, where im = [m, €] € M,, n’ € N/,
k € K, §p, the modular character, and v # 0 an M, N K-fixed vector of o. It is easy to check that f is

well-defined nontrivial K-fixed vector of IndféMv(a).

Taking K-invariants is an exact functor, so the full induced representation Ind%(o) is K-spherical.

Choosing any nonzero K-invariant function f in that induced representation, followed by direct calculation,

and using the definition of induced representations shows that f(1) is a nontrivial M, N K-invariant vector
for o. Thus, (2) holds.
Claim (3) follows from (1) and (2) and Lemma 1.1. O

We end this subsection with two lemmas that are repeatedly used in the paper.

Lemma 3.4. Let o be a genuine irreducible unramified representation of Sp(n, F), ¢’ a genuine represen-

tation of finite length of Sp(n', F') with the unique unramified subquotient o), and m;, i = 1,...,1, genuine
representations of finite length of GL(n;, F'), such that the induced representation m X - -+ X w; has a unique
unramified subquotient m and o < w1 X -+ X m X o’. Then

0T X o X T X0, oc—=mxo and o = T X 0.

Proof. Let (7;), i =1,...,k, be a composition series of the 71 x - -+ x m; and o < 7,41 X 0’ the first possible
embedding. Then o < (73, X 0')/(T3, ¥ 0") = (T3, /Tiy) ¥ 0" = 7 x0', where the last isomorphism follows
from Lemma 3.3. Other claims can be proved in the same way. O
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Lemma 3.5. Let x be a character of F*, o, € R such that o + € Z>o, and o a genuine unrami-

fied representation of Sp(n,F') such that pu*(o) > ((—8, ®, xypXx) @ ¢, where ¢” is an irreducible genuine
representation of the metaplectic group of appropriate size. Then there exists a unique genuine irreducible
unramified representation o’ of the metaplectic group such that p*(o) > (=B, o, xypx) ® o’. Moreover, o’
has the same cuspidal support as o” and o — ((=8,a, xypX) X 0’.

Proof. By Theorem 3.2, cuspidal support of o consists of characters. Unless o+ 4+ 1 = n, which is a trivial
case, there are characters xi,...,Xn—a—pg—1 Oof F* such that 6" — xyx1 X --* X XgXn—a—p—1 X Wo. By
Frobenius reciprocity and transitivity of Jacquet module, we have

Jacqq, . 1,0)(0) = Xpxv P @ @ Xuxr® @ Xy X1 @ -+ @ Xy Xn—a—s-1 @ wo.

By [4, Thm. 2.4], a cuspidal subquotient of an admissible representation is a quotient. Thus,

Jacq(y,.. 1,0 (o) = wa,;ﬂ ® - D XPXVT D XpX1 @+ @ XpXn—a—p—1 @ Wo.

Frobenius reciprocity gives

T XXV TP XX XX X XpX1 X X X Xn—a— g1 X Wo.

Now, by Lemma 3.4, 0 < ((—5, a, xyx) X 0’, so that p*(c) > {(—5, a, xyx) @ 0’ |

3.3. Weak form of Zelevinsky classification. Using [11], we obtain a weak form of Zelevinsky classi-
fication for unramified representations. We first define negative and strongly negative genuine irreducible
unramified representations of the metaplectic group. For a character y of F'*, let e(x) be the real number
such that y = z/e(X)/_Xi‘,/where X" is a unitary character of F'*. Let o be a genuine irreducible unramified

representation of Sp(n, F'). We call o negative if for every embedding of form o < x1 Xy X -+ X XnXy X wo,
where X1, ..., X, are characters of F'*, we have

e(x1) + - +e(xa) <0.

If above inequalities are strict, o is said to be strongly negative. We classify genuine irreducible unramified
representations of the metaplectic group in terms of negative ones.

—_~—

Theorem 3.6. Let o be a genuine irreducible unramified representation of Sp(n,F). Then, either o is
negative, or there exist k € Z~qo, a;,3; € R such that a; — B;, «; + B; + 1 € Z~q, unitary unramified
characters x; of F*, i =1,...,k, and a genuine unramified irreducible negative representation opneq of the
metaplectic group such that

(1) 0 = (=B, a1, xpx1) X -+ X C(—Bk, 0k, Xy Xk) X Oneg as unique irreducible subrepresentation, and
(2) ¢(=P1, 01, xpx1) X -+ X (=B, ok, XpXk) is wrreducible.

Data ¢(—B1, a1, XpX1);- - -5 C(—Br, ks, Xy Xk) are unique up to permutation, while opeq is unique up to iso-
morphism.

Proof. By Lemma 3.3, all representations that participate in Zelevinsky classification (cf. [11, Thms. 4.6
and 4.7]) are unramified, and thus, described in Theorems 3.1 and 3.2. Reducibility of the representation
C(=PB1, a1, xpx1) X -+ X (=B, ar, XyXk) is not possible, because by Theorem 3.1 and Lemmas 3.4 and 2.1,
Zelevinsky data would change. O
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3.4. Negative representations. Having proved the weak form of Zelevinsky classification, we are ready
to describe negative representations in terms of strongly negative ones.

Theorem 3.7. Let o be a genuine irreducible unramified negative representation of Sp(n, F). Then, either
o s strongly negative, or there exist k € Z~q, unramified unitary characters xi,...,xr of F*, B; € R such
that 28; +1 € Z~q, i = 1,...,k, and a genuine irreducible unramified strongly negative representation oy,
of the metaplectic group such that

o — C(_BlaﬁlanXﬁ X X C(_Blmﬂk,XlﬁX’n) X Ogp-

Data ¢(—P1, B1, XuX1), - - > C(—Bk, Br, Xy Xk) are unique up to permutation and replacing x; with Xfl, while
Osn 1S unique up to isomorphism.

Proof. Unless o is strongly negative, there exist unramified characters xi,...,xn of F* and an integer
1 <t < n such that Jacq  1,0)(0) > XyX1 @ -+ ® XyXn ® wo and e(x1) + -+ + e(x¢) = 0. Since a
cuspidal subquotient of an admissible representation is a quotient, using Frobenius reciprocity we have
O = XypX1 X X XyXn X wo. Let og be an irreducible unramified subquotient of xyXt4+1 X =+ X Xy Xn X wo
if n > 2, or else wp. By lemma 3.4, 0 < xyX1 X -+ X XyXt X 09. Thus 09 must be negative. Classifying
unramified irreducible subquotient of xyx1 % -+ X XyXx¢ by Theorem 3.1 and using Lemma 3.4, we obtain:

o — C(_ﬁhalanle) XX C(_ﬁkaameX}é) X 0g.

Since ¢(—Bi, i, Xy X3 ) X C (=B, aj, Xy X ) commute for i, j = 1,..., k, o is negative and e(x1)+ - -+e(x:) = 0,
we must have o; = 8;, ¢ = 1,...,k. Thus, using Lemma 3.4 the proof is obtained by induction, with
uniqueness of the classifying data proven in the next lemma. O

Lemma 3.8. (1) Letl € %Zzo; X a unitary unramified character of F* and o a genuwine irreducible

unramified negative representation of Sp(n, F). Then, the irreducible unramified subquotient of
C(=1,1, xypX) % o is negative.
(2) Letly,... .l € %Zzo, X1s---, Xk unitary unramified characters of F* and o a genuine irreducible

unramified strongly negative representation of Sp(n, F'). Then, the irreducible unramified subquotient
T of C(—=l, L, xex1) X -+ X C(=lk, L, xpxr) X 0 is a subrepresentation and negative. Given T,
representations C(—l1, 11, XypX1), - - -, C(—lk, Ik, Xy Xk) are determined up to permutation and replacing
Xi with Xi_l, while o is determined up to isomorphism.

Proof. (1) Let 7 be the unramified irreducible subquotient of {(—I,{, xyx) % o. Unless 7 is negative,
by Theorem 3.6 and Lemma 3.4, there exist a, 8 € R such that o+ 8 € Z>p, —8 + a > 0, there
exists a unitary unramified character y; of F*, and a genuine irreducible unramified representation
o’ of the metaplectic group, such that 7 — {(—8,®, xypx1) ® ¢’. Thus, {(—5,a, xypx1) ® ¢’ <
(1) < p*(C(=1,1, xpXx) @ o). By formula (2.5) there exist 0 < j < ¢ < 2[+ 1 and an irreducible
representation (4 ® o1 < p*(o) such that

(=B, xyx1) @ 0" < (=Ll — i, xpx ™) X Q=17 =1 = Lxyx) X G @ C(J — Li—1—1,xyx) % 01
We compare the cuspidal support to the left of ®. Since a cuspidal subquotient of a Jacquet module
is a quotient, as used in Theorem 3.7, and o is negative, sum of exponents of v contained in (; cannot
be positive, and the same for (—I,1 — 4, x,x ') and {(—1,j — 1 — 1, xyX). The sum of exponents of
v in (=B, a, xyX1) is positive. We have a contradiction.

(2) The first claim shows that 7 is negative, so by Theorem 3.7, there exist ¢1, ..., ¢, € Z>, unitary un-
ramified characters x4, ..., x,. of F'* and o, a genuine, irreducible, unramified and strongly negative
representation, such that 7 < ((—t1,t1, xuXx1) X -+ X {(—tr, tr, X9 X)) X 0s. Thus

C(ftlvtthJX/l) X X C(*tmthwX;ﬂ) ®os < M*(C(fllallvxwxl) X X C(flk,llmX?/JXk) A U)'
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By formula (2.5), there exist 0 < j,,, <4y <20, +1, m =1,...,k, and an irreducible representation
¢1 ® 01 < p*(o) such that
C(=tiyta, xpxt) X -0 X (=t by XpXy) @ 05 <
C(=l1yly =i, xwXiT ") X C(=l1y g1 — 11 — Lxgxa) X -+ % C(=li, s — ik, X Xi ) X
C(=lhy Jir — I — 1, xpxk) X Gt
Q) ¢l —lin =l = 1xpxa) X -+ X (0 = Ly ik — I — 1, XyXk) X 01

We compare the cuspidal support to the left of ®. Because o is negative and the sum of exponents
of v on the left hand side is 0, we must have ¢; = xy1, 9 = jm =0o0r 2l,, +1, m=1,...,k. Thus

~

C(ftlatlaxwxll) X X C(*tmthwX;’) = C(fllallvxintl) X X C(*lkalk,Xwal) and 0s = 0.
Comparing the largest segments yields the claim.
O

4. UNRAMIFIED STRONGLY NEGATIVE REPRESENTATIONS

In this section we classify genuine irreducible unramified strongly negative representations of the meta-
plectic group in terms of Jordan blocks.

4.1. Jordan blocks. Let xg = y™V=1/Ing he the unique unramified character of order two, and 1 the trivial
character of F*. Jordan block is a pair (m, xyX), where m is a positive integer and x € {1,x0}. Jord is a
set built of Jordan blocks. Given x € {1, xo} we denote Jord(xyx) = {m | (m, xyX) € Jord}. Let k,l € Z>
and

1

Jord(xy) = {2m1 +1<2ma+1<--- <2my+ 1}, mi€§+ZZO» i1=1,...,1,
1

Jord(xyxo) ={2n1+1<2n2+1<--- < 2n4 + 1}, nj€§+ZZO, j=1,... k.

We denote by o(Jord) the unique unramified irreducible subquotient (cf. Theorem 3.2 and [8]) of the induced
representation
Cl=mu—1,mu, xp) X ((=mu—3, M2, Xy) X =+ X ((=Nk—1, 7, Xy:X0)
XC(_nkfiﬁ Nk—2, X’QZJXO) XX Uo(JOI'd),
where og(Jord) is the unique unramified irreducible subquotient of
1

1 .
C(iamlvxﬂz') X C(ianlaX¢X0) X Wo if kvl S 2Z+ 17

1
C(5omas Xxy) X wo if k€27, 1€2Z+1,

1
§(§,n1,x¢x())>4wo itke2Z+1, l € 2Z,
wo if k,1 € 2Z.

When k =1 =0, we have Jord = (J, and o(Jord) = wp, which is by definition strongly negative.
For n € Z>(, we denote by Jord(n) set of all Jord, such that

Z m = 2n.

(m,xwx)€Jord

—_~—

So, given Jord € Jord(n), o(Jord) is a representation of Sp(n, F')
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4.2. Construction of unramified strongly negative representations. We begin with two simple cases
of unramified strongly negative representations in the following two lemmas.

Lemma 4.1. Let x € {1,x0}, o € % + Z>o. Let 0, be the unique irreducible unramified subquotient of
C(%, o, Xy X) X wo, and put o_1 = wo. The representation o, is strongly negative, and

oz—&-%
(41) w (Ua) = Z C(_aa _5 - ZvXIZ)X) ® O.i—%v
=0
1
(42) Oq — C(*Of, 75; XTZJX) X wo,
(4.3) r(1,...,1,0)(0a) = XuV X ® X¢V_a+1 Q- ® XwV_% @ wo

Proof. We use induction on a. Case a = % follows from (2.5) and Theorem A.1. As induction hypothesis,
assume that claims are valid for o’ € % + Z>o such that % < o < a. We must prove that they are
valid for oe. Compare Xy~ %X X 0q—1 and C(%, a, XypX) X wo. As both are subquotients of XL/JV%X X - X

XopV* X X XX X wo, the K-fixed subquotient ¢, appears in both. In the minimal Jacquet module, using
the induction hypothesis and (2.5), one has

_ _ _ _1
§.5.7(1,...1:0) XV "X X Tar1) =Xu¥ X @ xpr O TIX @ @ xyr X @ W
+ additional terms, all having XwV_%X

and
1 —« —a+1 _1
5:5.7(1,...,150) (C(55 @ X X) X wo) =XV ™ X @ Xy ™ TN ® - @ X T IX @ wo
+ additional terms, all having XwV%X

Thus r(1, . 1.0)(0a) = XV X @ xuv *TIx @ ® sz/’%x ® wo, that is, we proved (4.3). Using Frobenius
reciprocity, we have o, < XV *X X X~ Ty x -+ x le/_%x X wp. Now (4.2) is a consequence of Theorem
3.1 and Lemma 3.4. To prove (4.1), we use the transitivity of the Jacquet module, (4.3) and Lemma 2.1. O

Lemma 4.2. Let a,a’ € f% + Z>o, let 04,0 be the unramified irreducible subquotient of C(%,a,xd,) X
C(3,0/,XyXx0) X wo, let o4 be the unramified irreducible subquotient of ((3,c, Xy) X wo, and let o, be
the unramified irreducible subquotient of C(%&/,X@bXO) X wg. Then 040 < C(%?%Xw) X ol and 0q 0 <
C(3,0/, Xy X0) X 0a. The representation oq. o is strongly negative, and

* 1 1
(4.4) W (Taw) =Y D (o =5 —inxy) X ((=a', =5 =i, XuX0) ® 05y 01,
1=0 /=0
1 o1
(45) Oa,a’ — C(_aa _§7X1ZJ) X C(—Oé 7_55X1Z)X0) X wo-

Proof. Lemma 3.3 implies 04,0/ < (3,0, xy) X 0%, and 04,00 < ((3,0/, Xy X0) X 0o. We prove by induction
on « + o' that, for an irreducible representation o, if o < C(%,a,xd,) x ol and o < C(%,o/,;wx@ X O,
then o = 04,q/-
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Claims are valid if o = —% or o —% by Lemma 4.1. Let n € Z~( and assume that the lemma holds
for o + o/ < n. Let a + o’ =n. From Lemma 4.1 and (2.5) we have

a+2a+2 i
* * 1
#(o) < (¢G5, @ xp) X ZZZ
=0 =0 5=0
1 . 1 1 , 1, . o1 ’
<(7a77§ 723X7,!1) X C(§7j - 53)(1/1) X C(fa ,75 —1 >X¢X0) ®C(] + 571 - §an) A 0—7;/7%

|

HMJ;

atja
70/7X1ZJX0>>40-0¢ = Z
1 1 . 1 L1, 1
(=o', =5 =7 xux0) x ((5,5" = §,X¢><o) X (=, =5 =i xp) ® (" + 507 = 5 XuX0) X 0y

Since in the first formula positive powers of v before ® appear with x,1, and in the second with . xo0, we
should keep only terms with j = 7/ = 0. Thus,

a+ a+2 1 1 1

. , o
EQZC — ¢ xX0) X (= =5 = i xp) @ (500 = 50 X)X 0y
a+ a+2 ., 1 . 1 | 1
Z D (=o', =5 = xpx0) X (=, =5 =i xe) © (5,7 = 55 XeX0) X oy
=0 /=0

Induction hypothesis implies

x I 1
pi(o) S xpl®@o + > C(ma, =5 =i xy) XC(—O/,—§—Z XpX0) @ 041 1.
0<i+i’' <at+a’'+1

We see that 7(,.0)(0) = ((—a, —%va) x ((—d/, —%,xw(o) ® wp and it is easy to prove that this appears
with multiplicity one in p*(¢(—a, —%,xy) x ((—a/, =3, xyX0) X wp). Hence, o is uniquely determined, and
thus o = 0,4,. Looking at the cuspidal support of r(,.0)(c), we see that o4, is strongly negative. Let

i=0,...,a+ %, 7=0,...,d + % Frobenius reciprocity and Lemma 3.4 imply
1 1
Oa,af C(—a>—§,Xw) X C(—O/»—?Xon) X wo —
1 1 1 1 1 1
C(_aa _5 - Z?X’Lb) X C(i - ia _§7X’¢) X ((_O/7 _5 - ilaXd)XO) X 4(5 - i/? _§7X1Z1X0> X Wwo =
1 1 1 1 1 1
C(~a, 3~ i, Xy) X C(—a Ty T i, Xy Xo) X C(§ - ia—ian) X 4(5 — i, —§,XwX0) X Wo,
and therefore
1 . 1
Oa,af C(faa 75 - Z7X1ZJ) X C(fala 75 - ZlaXilJXO) X 01’—%,1”—%
]. . ]- ./
M(U&Oé)><( 5_17X¢)XC(_ a_i—Z,XwXO)@@ 17%1/ é?
proving (4.4) and (4.5). O

The following lemma is crucial in showing that o(Jord) are strongly negative and that they exhaust all
such representations.

—_~—

Lemma 4.3. Let 0 be a genuine irreducible unramified strongly negative representation of Sp(n, F).
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(1) Then there exists an unramified unitary character x of F*, there exist o, § € R such that o+ 8 €
Z>o, and there exists an irreducible unramified representation o’ of the metaplectic group such that
0= (=, a,xypXx) xo'. Also a — <0 and ((—B, o, xpx) X 0’ reduces. If o is the largest possible
for such embedding, then o' is strongly negative.

(2) Let B be the mazimum of |le(x')| over all xyX' in the cuspidal support of o, achieved for vPy,x,
where x is a unitary character of F*. Then there exist o € R such that oo+ € Z>o, and there
exists an irreducible unramified representation o’ of the metaplectic group, such that

o= (=B, a,xypx) @ o'

Proof. We first prove (1). Write the cuspidal support so that o < 1/’“)@,){1 X e X Vk’LX¢Xn X wp. Note
that (K1, k1, xypx1) = ¥ xpxa. If n > 1, we use Lemma 3.4 to take the unramified irreducible subquotient
o’ of vF2x,x2 X -+ X VP xyxn X wo, and get an embedding of the required form.

Strong negativity of o and Frobenius reciprocity imply —8 4+« < 0 and reducibility of (-8, &, xyX) X o',
since otherwise, by (2.7), o < (=8, a, xypx) ¥ 0’ = {(—a, B, xpXx ') % o', contradicting strong negativity
of o. Let a be the largest possible with such embedding. Assume that ¢’ is not strongly negative. By
Theorems 3.6 and 3.7 and Lemma 3.4, there exists a unitary unramified character x’ of F'*, there exist
o, € Rwith o + ' € Z> and o — ' > 0, and there exists an irreducible representation o”, such that
o' = ((=8,d, xyx") ¥ o”. There is a nontrivial intertwining

o — C(_ﬁ7 «, XibX) X <(_6/a 0/7 XibX/) Dol U” — C(_BI7 0/7 Xibxl) X C(_ﬂ7 «, XIZJX) X O—//‘
Because o/ — 3/ > 0 and o is strongly negative, ¢ must be in the kernel of the second map. Thus,
(=B, a, xpX) x C(—=B',a/, xpX') reduces, and by Lemma 2.1, x = x/, a — o’ € Z. Lemma 3.4 implies
o = (=B, xpx) X ((=F,a,xpXx) ¥ ¢’. But the maximality of a and Lemma 3.4 imply —f' + o/ <
—B+ «a < 0, a contradiction. Thus ¢’ is strongly negative.

Now we prove (2). Write the cuspidal support of o so that o < xyx] X- - - XXX, Xwo. By Theorem 3.1, let
C(=PB1, a1, xpx1) X -+ X (=B, ak, Xy Xk) be the irreducible unramified subquotient of Xy X7 X -+ X XX,
where k is an integer, a;,5; € R with «; + 5; € Z~g and x; are unitary unramified characters of F'*,
i=1,...,k. By Lemma 3.4,

o — 4(7/8170113 wal) X X C(i/ﬁkv ak?X@ka) X wWo-
Because Zelevinsky segment representations commute and o is strongly negative, Lemma 2.1 gives —f €
{=PB1,...,—Bk}. Again, Lemma 3.4 finishes the proof. |

Now we are ready to prove that all o(Jord), defined in Sect. 4.1, are strongly negative.

Theorem 4.4. The representation o(Jord), attached to a set Jord of Jordan blocks, is strongly negative,
and we have

o(Jord) —=((—my,mi—1, xy) X ((—mi—2,Mi—3, Xy) X
X C(=ng, M-, X X0) X C(—=np—2, k-3, XyX0) X - - x og(Jord).
If x € {1, x0} and card(Jord(xyx)) > 2, let 28+ 1 > 2a+ 1 be two largest elements in Jord(xyx). Put
Jord" = Jord\{(28 + 1, x4 X), 2o + 1, xyX)} and o’ = o(Jord’),o = o(Jord). Then:
(4.7) o= (=B, a,xypx) ¥ o'

Proof. We use induction on card(Jord). If (I, k) = (0,0), then wy is by definition strongly negative. Lemmas
4.1 and 4.2 prove cases (0,1), (1,0) and (1,1). Let ¢ > 2 be an integer. Suppose that claims are valid for Jord
with less than ¢ elements. Take Jord such that [ + k = ¢. Since (I, k) = (1,1) is settled, we may assume that
there exists x € {1, xo} such that card(Jord(xysX)) > 2. Let o, 0/, «, S be as in the theorem. Comparing
the cuspidal support, and using the uniqueness of irreducible unramified subquotient, we have

o S C(fﬁaOK»X’d}X) X OJ'

(4.6)



14 IGOR CIGANOVIC AND NEVEN GRBAC

By induction hypothesis ¢’ is strongly negative.

First, we shall prove that o is strongly negative. Assume that o is negative but not strongly negative.
By Theorem 3.7 and Lemma 3.4 there exist 2m € Z>(, an unramified unitary character x’ of F*, and an
irreducible unramified negative representation o”, such that o < {(—m,m, xyx’) X ¢”. Frobenius reciprocity
implies {(—m, m, xyXx') ® 0" < p* (o) < p*(¢(—=B, a, xyx) X ¢’). By (2.5), there exist 0 < j<i<a+f+1
and an irreducible representation ¢ ® o} < p*(¢’) such that

C(—mam7XwX/) ®U” < C(_avﬂ - lanX) X C(_ﬁ7] - 5 - ]-7X1ZJX) X <® C(] - 572 - B - 17X1ZJX) X 0—1

Cuspidal support of o does not contain yi”*xd,x twice, for v € a + Z~¢. Hence 7 = 0. Because ¢’ is strongly

negative, if ¢ # xy1, it has a negative sum of powers of v. Thus we must have -m = —a,m = 8 —,( =
Xy1 and x = x’. Now ¢} = ¢’ and
(4.8) 0" < (=B, —a =1, xyx) X 0.

Let us show that the representation on the right hand side is irreducible. There exist an integer h, characters
X1s---5Xn € {1,x0} and r1,...,r, € R with |ry| < aif xs =x, s =1,...,h, such that

o' = U X1 X X VT Xy X X wo.

By Lemma 2.1, representations {(—8, —a— 1, xyX) X V" xyxs and ((a+ 1,5, xpX) X V" XpXs, S =1,...,h
are irreducible. By Theorems A.1 and A.7, {(—3, —a — 1, xyX) X wp is also irreducible. Using Lemma 2.1
and (2.7), we have

Cla+1,8,xpx) X o' = Cla+1,8,xyX) X V™ xpx1 X - X V™ xyxn X wo =
VX1 X XV XX X Cla+ 1, B xpX) Xwo = X1 X X VX X (=B, —a — 1, Xy x) X wo

Th

(=B, —a— 1, xpX) X VX pX1 X o X VTR XX X Wo.

Now,
(49) C(Oé + 1767X1/JX) X U/ — C(_Bv —a — 17X1Z1X) X Vrle)Xl XX VTh’X’L[)Xh X Wo-
(4.10) C(=B,—a—1,xpX) @ 0" = (=B, —a— 1, xypX) X V" xpx1 X - X VXX X wo.

By Theorem 3.2, the representations in (4.9) and (4.10) have the same unramified irreducible subquotient,
so images of embeddings have a nontrivial intersection. By [11, Thm. 4.6], (o + 1,3, x4x) X ¢’ has a
unique irreducible subrepresentation and it appears with multiplicity one, but at the same time, by [15,
Lemma 3.1], it is a quotient in {(—f,—a — 1,xyx) X 0’. Thus ((a + 1,8, xyX) * ¢’ is irreducible and
C(=B,—a—1,xpx) @ o' = ((a+1, 8, xypx) x o’ contradicts negativity of ¢”’. Thus, we have shown that o
cannot be negative, but not strongly negative.

Now, assume that o is not negative. By Theorem 3.6, there exist an irreducible negative representation
Oneg, an integer h and x; € {1,x0}, for i = 1,...,h, and there exist o;, 8; € R such that o; — 8; € Zo,
a; + B € Lo, and (=B, a1, xpx1) X -+ X {(=Bh, an, Xy Xn) is irreducible and

(411) o — C(_Blvala Xle) X X C(_ﬁih athd)Xh) X Oneg-

Frobenius reciprocity gives (=81, a1, XyXx1) X -+ X ((=Bh, ah, Xy Xn) ® Oneg < 7 (((=5, @, xyx) ¥ 0'). By
(2.5), there exist 0 < j <i < a+ 4+ 1 and an irreducible representation ¢ ® o} < p*(o’) for which

C(_ﬁhahX’thl) X X C(_BfuaiuXdJXh) ®Uneg S
C(=a, B =i, xex) X C(=B,7 —B—1,xypx) X CRC(J— B,i— B —1,xyX) X 0}

Because of the cuspidal support of ¢/ and oy — 85 >0, s =1,...,h, we have j = 0 and

C(*ﬁl,al’Xle) X X C(*ﬂhaah,Xth) ® Oneg S C(faaﬂ - Z,XTZJX) X C & C(*ﬂ,@ - 6 - 17X¢1X) X Ull'
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Since ¢’ is strongly negative, ¢ cannot have a positive sum of powers of v. Thus § — ¢ > «. But then
i—f—1< —a—1andifi > 0, exactly the same argument as after (4.8) proves that {(—5,i—5—1, xyXx) X 0]
is irreducible, contradicting negativity of oyeq. Thus, ¢ = 0.

Suppose ¢ # xp1. Then ¢ is unramified by Lemma 3.3, and by Theorem 3.1 there exists an integer A/,
and for s =1,..., R/, there exist a unitary unramified character x/, of F*, and o/, 8, € R with o/, + 8, > 0,
such that ¢ = ¢(—81, o, xuxi) X <=+ X (=B, & XwX} ). Comparing cuspidal supports, by Theorem
3.1, we see that {(—a, B, xyXx) x ¢ is irreducible. Since ¢ cannot produce positive sum of powers of v and

as —fBs >0, s=1,...,h, using the uniqueness of classification from Theorem 3.1, we have a contradiction.
Thus i =j=h =0, ( = xy1, Oneg = 0} =0’ and (4.11) becomes
(4.12) o= ((—a, B, xypx) @0

The argument just after (4.8) again shows that (=8, —a — 1, xyx) X ¢’ is irreducible, so

(=, B, xux) @ 0" = ((—a, o, xyx) X Cla+ 1,8, xyx) ¥ 0" = (=, a, xpx) X (=, —a = 1, xyx) x o,
which together with (4.12) and Lemma 3.4 implies

(4.13) o= C(=B,a, xyx) ¥ 0",

By [11, Thm. 4.6] and (4.12), o is the unique irreducible subrepresentation of {(—«, 3, x,x) 0o’ and appearing
with multiplicity one, but at the same time it is a quotient, due to (4.13) and [15, Lemma 3.1]. Thus, if
we prove that ¢(—a, 8, xyX) x o’ reduces, it will give a contradiction and finish the proof that o is strongly
negative.

To show that ((—8, o, xyX) % ¢’ reduces, we assume that x =1 and k — 2,1 > 3 are odd. Otherwise, the
proof goes in the same way, only the notation has to be changed.

It is easy to see that {(—o, a, xy) ® wo appears with multiplicity two in p*({(—a, @, Xy ) X wo), and since
admissible unitarizable representations are completely reducible, we can write

(4.14) (=, a, xy) Xwy = M B T,

where 71 and 79 are irreducible and not isomorphic, and one of them must be unramified. Using induction
hypothesis, Lemmas 4.2, 4.1 and 2.1, we have

C(—ﬁvaan) X OJ — C(_B7 - — 17X’L[)) X C(_aaa7X’¢)) X UI —

1
(=P, —a — 1, xy) X C(=my—2,mi—3,Xy) X -+ X ((—=m1, — 5, X)X

2
1
C(—=nk, nr—1, X¢X0) X -+ X {(—n1, *g,Xon) X (1 @ 7).
Let us denote
1
p=C(—B, —a — 1, xy) X C(—=my—2,my—3,Xyp) X -+ x {(—my, —§7Xw)><

1
C(_nk7nk717X¢X0) X X C(_nh _57 Xd)XO)

It is irreducible, and we have
(=B, xy) X o' = pxm @pxma.
To prove that ¢(—08,a,xy) % o’ reduces, it is enough to see p*(¢(—08,®, xy) X 0') > p @ M + p Q 7o,
pr(p X m) # p @, and p*(p X o) £ p ® . First, by (2.5), we have
atftl i

PC(=Biaxy) xa) = > Y > i~ B—ixy)

(®o1<u*(o’) =0 j=0
X (=B, =B =14 7,xp) X CRC(=B+7,—B —1+1,xy) X 01

(4.15)
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By induction hypothesis, Lemma 2.1 and Frobenius reciprocity, we have

1

p(o") >C(—my—a,mi—z, xyp) X -+ x ((=l,—=

5 Xu) X

(4.16)

1
§,xw><o) ® wo-

C(—=ng, nk—1, XuX0) X ((—nr—2,7k—3, Xy Xo0) X -+ X {(—k1,—
Picking i =a+ 8+ 1 and j = 8 — « in (4.15), and using (4.14) and (4.16), we have
W (C(=B,a,xp) x0') = p@ T+ p& .
We now show that p*(p x m) # p ® m2. Suppose the contrary, and apply (2.5) to p x 7. There exist an
irreducible representation ¢ ® o1 < p*(m) and indices
0<j<i<—-a+f, 0<ji2<i2<m_sz+m-2+1,...,0<j <4 §m1+%,

1
0<jp <y Smpoa b +1,.,0 < j) < i <ma g,

such that
1

C(_ﬁv —Q— ]'7X’L/}) X C(_ml72aml73axw) X X C(_mlv _§7X1ZJ)X

1
C(—=7k, M—1, XpX0) X C(—Nk—2, Mk—3, XpX0) X - X C(—n1>—§7><w><o) ®
<
((OL+1B ZXw)XC(*57*B*1+]»Xw)X
C(=my—z,my—2 — i1—2, Xy) X C(—=my_2, —my_o — 1 4 j1_2, X)X

1 . .

C(§,m1 — i1, Xy) X ((=my, —my — 14 j1, X)X

C(=np—1,m% — i3, X X0) X {(=nk, =1k — L+ Ji, Xy X0) X

C(%,m — 41, XeX0) X {(=n1,—n1 — 1+ ji, xpXxo) X ¢

®

C(=B+7,—B—1+14,xp)%

C(=my—g + Ji—2, —my—2 — L +d1_2, x¢) X - X ((—=mq + j1, —m1 — 1 +i1, X)X
C(=n + Jiy —mr — L+, XypX0) X -+ X C(=n1 + j1, —n1 — 1+, XyXo) X 01.

Comparing cuspidal supports, we see that the cuspidal support of { cannot contain v¥~%xy, and

pr(mr +m2) = p(C(—a, o, Xy) X wo) =
2a+1 wu

Z ZC(—a,a—u,Xw) X ((—a,—a—14v,xy) @C(—a+v,—a— 14 u, xyp) X wp
u=0 v=0

implies ¢ = xy1, so 01 = 7. As m; and 72 have the same cuspidal support, we must have
R _ . Y, VY]
J=% JI—2=1U-2y5---3J1 = U, Jpp = lpys---5]1 =11

and 71 = my, a contradiction. Thus, we showed p*(p X m1) # p®@ 7. In the same way one gets p*(p x m) #
p ®my. Thus (=5, a, xyX) % o’ reduces. As we already explained this proves that o is strongly negative.
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Now, we prove formula (4.7), that is, 0 — ((—8,, xyX) x ¢/, and (4.6) is a consequence, obtained
using induction hypothesis. Since o is strongly negative, by Lemma 4.3 (2), there exist a real number ¢/,
o' + B € Z>p, and an irreducible unramified representation o”, such that o < ((—8, &/, xyx) % ¢”. Take
o the largest possible, so ¢’ is strongly negative. The case o/ > « would imply that l/:taIXwX appears
two times in the cuspidal support of o, which is not possible. Hence, o/ < a, and let o], be the unramified
irreducible subquotient of {(—a, a, x4 x) X 0. Suppose o’ < a. We have

On < C(=a,a, xypX) @ 0" < ((=a, ', xypx) % (@ +1,a,xyx) ¥ 0.
Cuspidal support implies 0" < ¢(a/ + 1, &, xyx) X o’. By Lemma 3.3, 0], < ((—a, &/, xyX) % 0”. Now

!’

o= (=B, xyx) @ 0" = (=B, —a — Lxyx) x ((—a, &/, xpx) @ 0
and therefore
o = (=B, —a =1, xpX) x 0y,
Lemma 3.8 implies o], < ((—a, o, xyx) @ o’. Thus

o — C(_57 —Qa— ]-a X@DX) X C(—OZ, a, XwX) A U/'
By Lemma 3.4, 0 < ((—f, o, xyx) ¥ 0’. So & = «, proving (4.7) and (4.6). O

4.3. Classification of strongly negative unramified representations. We now prove that represen-
tations of Theorem 4.4 exhaust all genuine irreducible strongly negative unramified representations of the
metaplectic group. We first have a proposition.

Proposition 4.5. Let x1 be an unramified unitary character of F* and o, b1 € R, such that oy + 1 € Z>g
and ay — 1 > 0. Then
(1) Representation ¢(—pB1, a1, xypXx1) X wo reduces if and only if v'x1xy X wo reduces for some i with
-6 <i<ayandag —i € Z, ie, x1 € {l,xo0}, =51 € %— Zso. If it reduces, the unique
subrepresentation is not unramified.
(2) Let 0 = 0q,or be as in Lemma 4.2. Then, representation {(—pB1, o1, XyX1) X 0 reduces if and only if
one of the following five representations reduces

1

4(7/6170[15X¢X1) X g(io@*%axiﬂ'% C(*Oéhﬂl,Xwal) X §(7a77§ax1/1)7

1 _ 1
4(76170[13 wal) X C(fa/a 7§7X1/1X0)7 C(falaﬁhxw)Cl 1) X C(falv 757 XwXO)a

C(=B1, a1, xpx1) X wo.
If (=81, a1, xyx1) X o reduces, its unique subrepresentation is not unramified.
(3) Let o(Jord) be as in Sect. 4.1. Then ((—pB1, a1, xyx1) X o(Jord) reduces if and only if one of the
following representations reduces (i =1,1—2,..., j=kk—2,...)
(=B, o1, xux1) X C(=mi,mi—1, xy), C(—a, Br, xuxi ') X C(=mi, mi—1, xy),
C(_BL g, X’L/JXl) X C(_nja nj—la Xd)XO)a C(_ah 617 XTle_l) X C(_n]7 Tj—1,5 X XO)
C(_Bla aq, X’L/JXl) A O'O(JOI‘d).
If (=81, a1, xux1) x o(Jord) reduces, its unique subrepresentation is not unramified.
Proof. (1) Theorems A.1 and A.7 solve reducibility. Theorem 4.4 shows that in case of reducibility, the

irreducible unramified subquotient is strongly negative, so cannot be a subrepresentation.
(2) Let all representations from the list be irreducible, and ¢ = ((—a, —3, xv), ¢/ = ((—¢/, =%, X4 X0).

¢1 = (=P, 01, xgx1) and (o = ((—a1, B1, xpX1 ). By Lemma 4.2 and (2.7),

G xo—= XX Xwe =X X Xwe =X X xw =G x(x ¢ 3w, thus
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C(=Br a1, xyX1) X0 = (2 X ¢ x ¢ % w,
C(—ar, B, XexT ) ¥ o = (o x ¢ x ¢ X wy.

Because of the uniqueness of the irreducible unramified subquotient, the intersection of images of
the embeddings is nontrivial. By [11, Thm. 4.6], ((—S1, a1, xyXx1) X ¢ has a unique irreducible
subrepresentation, appearing with multiplicity one in its composition series, but it is also a quotient
of C(—al,ﬁl,xwgfl) x o by [15, Lemma 3.1]. Thus, {((—f1, a1, xyX1) ¥ 0 must be irreducible.

Let us suppose that one of the representations from the list reduces, and denote by 7 the unramified
irreducible subquotient of ¢(—f1, a1, xyX1) X 0. Whenever 7 is negative, it cannot be the unique
subrepresentation of ¢(—f1, a1, xyXx1) X 0 and thus this representation must reduce, proving the
claim. We use this argument repeatedly below.

(i) I ¢(—PB1, a1, xpx1) X {(—a, f%,xdj) reduces, then y; = 1 and its unramified irreducible sub-
quotient is {(—a, a1, xy) X {(—f1, _%J(w)- By Lemmas 2.1 and 3.3,

1 1
T< C(_O‘,alaxw) X C(_Bh _§7X¢) X C(_O/a _iaxwXO) X Wo,

T S ((7a7alaxw) X 0By, -

By Lemma 4.2, 0g, o is negative. If & = a1, Lemma 3.8 implies that 7 is negative. Else, a #
and because of the reducibility —3; = % or —a < —f; < —%. Together with —8; + a3 > 0,
Lemmas 4.2 and 3.8, and Theorem 4.4 imply negativity of 7. Since 7 is negative, it cannot
be the unique subrepresentation of ¢(—p31, a1, xyXx1) X o, and thus, this representation must
reduce, proving the claim.

(ii) If ¢(—B1, a1, xpx1) X ((—/, =3, Xy Xo) reduces, the proof is the same as in (i).

(iii) If{(—au, B4, wafl) x((—a, —%, Xv) reduces, we may assume that (=081, a1, xyx1)x{(—a, —%, Xv)
is irreducible. Lemma 2.1 implies x; = 1, a +1 > —5; > %, a1 > «. Because of (2.7) and
Lemmas 2.1, 3.3 and 4.2, we have

1

1
T S C(iala 7§7X1,ZJ) X C(iaaﬂhx?ﬁ) X C(iala 7§7X1/)X0) X Wo,

T S C(_ﬁlaa7xw) A Oay,a-

If —81 = a+ 1, Lemma 4.2 implies negativity of 7. If —8; = «, Lemma 3.8 implies nega-
tivity of 7. In both cases, because 7 is negative, it cannot be the unique subrepresentation of
¢(=p1, a1, xyx1) X o, and thus, this representation must reduce, proving the claim. Otherwise,
a > —f; and for representation ((—/f1,, Xy) X 0a,,or We have irreducibility of all represen-
tations listed in (2) (because a; > a > —f; > 1), and so it is irreducible, as we already
proved at the beginning. Thus, 7 = ((—81,a, Xy) X Oay,a’- But then, because of the unique-
ness of the Zelevinsky classification (Theorem 3.6) and « # «, 7 is not a subrepresentation of
C(=pB1, a1, xpx1) @ o. Thus ¢(—p1, a1, xpXx1) x o reduces and its unique subrepresentation is
not unramified.

(iv) If ((—aq, B, wal_l) x (=, f%,xw@) reduces, the proof is the same as in (iii).

(v) If {(—p1, 01, xpX1) X wo reduces, assume that all other representations from the list are irre-
ducible. We have ;1 € {1, x0}, and take x; = 1, the other case being the same.
If ((—a, — 3, x¢) = Xu1, then 7 < {(—oq, B1, Xy) X ((—a’, =5, Xy X0) ¥ wo and it is negative by
Theorem 4.4 or Lemma 4.2. Else, —8; < —a so a1 > « and

1 1
T S C(—Oél,ﬁthp) X C(_aa _§7X’¢) X C(_O/7 _§7X1ZJXO) X wo,
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If —B1 < —a, then 7 is negative by Lemma 4.4. Otherwise, —3; = —«a and
1

1 1 1
T S C(_ah —ian) X C(§7a’X’L/J) X C(_a7_§7xdl> X C(—al,—§anX0) X Wo,

1 1
T S C(_a7 a»Xw) X C(_ah _iv XIZJ) X C(_O/? _§’X1/JXO) X wo-
Now, Lemmas 3.8, 4.2 and 3.3 imply that 7 is negative. In all cases, because 7 is negative, it
cannot be the unique subrepresentation of ((—f1, a1, xyXx1) ¥ o and thus this representation
must reduce, proving the claim.

(3) We use induction on card(Jord). Case card(Jord) = 0 is trivial and card(Jord) = 1 is a consequence of
(1). Because of (2), we may assume that there exist x € {1, xo} such that card(Jord(xyx)) > 2. Let
28+1 > 2a-+1 be two largest elements of Jord(xyx). Put Jord” = Jord\{(28+1, x4X), (2a+1, x4x)},
o = o(Jord) and ¢’ = o(Jord’). Note that 3 > a > 1. Let 7 be the unramified irreducible subquotient
of (=P, a1, xux1) %o By Theorem 4.4, ((—f1, a1, xyx1) X0 = (=B, a1, xyx1) XC(=F, 0, xpx) %

g

(i

(i)

If (=81, a1, xypx1) X (=B, @, xyXx) reduces, then x; = x, 8 > 81, a1 > a. Suppose
T = ((=P1, 1, XyX1) X 0.

Then, by Lemma 3.4 7 — ((—f, 01, xyX) X ((=F1, @, xpx) x o’ If | = 1| > «, 7 is negative
by Theorem 4.4 and Lemma 3.8 (Lemma 3.8 applies if 8 = a3 or 81 = «). Thus, it cannot
be the unique subrepresentation of {(—/f1, a1, x4Xx1) X o and this representation must reduce,
proving the claim. Else, | — 81| < a and by Theorem 4.4 and Lemma 3.8 (Lemma 3.8 applies
if 8 = ay) the irreducible unramified subquotient ¢” of {(—/5, a1, xyX) % ¢’ is negative. Now
we have 7 — ((—f1, @, xyx) X ¢”, a contradiction with the Zelevinsky classification (Theorem
3.6 and a1 # «). Thus, 7 is not a subrepresentation and {(—/p1, a1, xyXx1) X o reduces.

If ((—B1, a1, Xy x1) % o’ reduces, by induction hypothesis x1 € {1, X0} and 81 € 1 + Z. Having
proved (i), we may also assume ((—01, o1, xyx1) X (=5, @, Xy X) is irreducible. Thus

C(=Brs o1, xupx1) ¥ 0 = C(=B, a, xupx) ¥ ((=P1, a1, xyx1) @ 0.
Let m be the unique irreducible subrepresentation of ((—/f1, a1, xyx1) X ¢’. By induction
hypothesis 7 is not unramified. If (=8, @, xyX) X ¢(—B1, a1, xyx1) ® ¢’ appears with the
same multiplicity in p*({(—8, o, xyx) X (=B, o1, Xy x1) ¥ o’) and p*(¢(—f, a, xypXx) ¥ ), then
C(—=p1, 01, xypx1) ¥ o reduces and 7 is not a subrepresentation.
First, we calculate the multiplicity of (=8, a, xyX) X (=1, a1, xpX1) ® 0’ in

W (=B, a, xpx) X C(—P1,01,xpXx1) X ¢'). By (2.5), there exist 0 < j < i < a+ § +1,
0 <j1 <i1 <aj+P1+1 and an irreducible representation ¢; ® o1 < p*(¢’) such that

C(=B,a,xpX) % (=B, a1, xpx1) @0’ <

C(=a, B =i, xpx) X ¢(=B,J = B — 1, xyx)x

C(=an, B — i1, xpx1) X C(=B1,51 — B1 — L, xex1) X G
®C(J—Byi—B—1,xypx) x C(J1 — Br,i1 — 1 — 1, xyX1) X 01

Note that the cuspidal support of ¢; does not contain v*x,x for |k| > a.
If x1 = x, we have:

o If -5y <—f,thena<pf<fi<a,s0i1=j1=a1+01+1. Nowi=j=a+F+1or
i=j=pf—aand (1 = xyl and o7 X0’

o If oy < @, then |f1] < a1 < a < . Since ¢(—au, 81 — i1, Xy X) X C(=B1,751 — B1 — 1, Xy X)
cannot produce v*xy,x two times if oy = o or once if oy < o, we must have i = j =
a+pB+1ori=f—a,and since v~ !y, x cannot be obtained by a choice of i and ji,
we must have j = § — a. In both cases, because of —f1 + a1 > 0, ((—a1, 81 — i1, XuX1)
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should not appear, so i1 = a3 + 81 + 1. As ¢’ is strongly negative, (; cannot have in
cuspidal support a positive sum of powers of v. Thus j1 = a1+ 51 +1, (1 = xpl, 01 = 0.
o If —31 > a+ 1, we look how to get v“xyx. One possibility is j = a4+ 8 + 1. Then
i=j,01=j5 =a1+ /1 +1, (= xyl and 01 = o’. Another possibility is i = § — a.
Since v~ !y, x cannot be obtained by a choice of i; and j;, we must have j = 8 —
21 =j1=oz1+61—|—1, §1=X¢1 and o1 & o’.
If x # x1, since (1 does not contain v®xyx, we must have i =j=a+f+1lori=j=pF— .
Because —031 + a1 > 0, ((—aa,B1 — 41, xex1) cannot appear, and i; = a3 + 01 + 1. As o’ is
strongly negative, (; cannot have in the cuspidal support a positive sum of powers of v. Thus,
A=+ pi+1,¢G=xyl and 0y =0’
We proved that ¢(—8, &, Xy X) XC(—F1, a1, Xy X1)R0” appears in p* (((—8, &, Xy X)X (=1, 01, Xy X1) X
o') two times.
Now we show that ((—8, @, xyx) X C(—B1, a1, xux1) @ o appears in 1*(C(—B, @, xpx) x ) at
least two times. Take ((—f1, a1, xyx1) ® 0’ < p* (7). Now

a+p+1 4

M*(C(—ﬁaOK’XwX) X 7T) 2 Z ZC(_avﬁ - ZaXdJX) X C(_Bny - 5 - LXlZJX)X

i=0 j=0
C(=Br, a1, xex1) @ — B0 — B — L xpx) x o'
Choices of indices i = j = a+ [+ 1 and i = j = 5 — a prove the claim.

(111) If((—6> Q, X’LﬁX)XC(_ah 617 wa;l) reduces? Wwe 1nay assuine that C(_Bla aq, X’LﬁXl) XC(_Ba Q, X’Lﬁx)
and ¢(—pB1, a1, xyx1) X o’ are irreducible. Now x = x1, =1 >a+1, 6 > —-F—-1, —a1 < =0
and

C(=Br, a1, xpx1) X 0 =C(=B1, a1, xyx1) X (=B, a, xypX) x o’
=((—B, o, xgX) % C(=Br, a1, xypx1) ¥ o’
(=B, o, xpX) % (o, B1, xyx1) ¥ 0.

If 7 — ((—f1, 01, xpX1) ¥ 0, Lemma 3.4 implies

T = (=1, a, xypx) X (=B, B, xpX) x o’
If ((—8,B1,xuXx) = Xu1, then 7 is negative by Theorem 4.4, a contradiction. Otherwise, by
induction hypothesis, {(—8, 81, xyXx) X ¢’ is irreducible, so

T = C(*O&l,Ol,quX) X C(fﬂlaﬂaXTbX) X 0—/'
Because —f1 > a+ 1, {(—a1, o, x¢X) X (=1, B, xeXx) is irreducible, we have

T — C(—51757XwX) X C(_ah a, X"PX) A OJ'

Let ¢” be the unramified irreducible subquotient of {(—aq, e, xyx) X ¢’. By Theorem 4.4, it is
strongly negative. Lemma 3.4 gives 7 — ((—p1, 3, xyX) X ¢”, a contradiction with Theorem
3.6 (uniqueness of embedding).

(iv) If all representations from the list are irreducible, denote ¢ = {(—5, a, x), ¢1 = C(—B1, a1, X X1)
and (2 = ((—ou, B1, xyx~'). Now

GXo—=Gx{xd
Xo—=GX(Xo Z(x@Gxo 2(x(xo 2 x(xd.
By the uniqueness of the irreducible unramified subquotient, the intersection of the images of

embeddings is nontrivial. By [11, Thm. 4.6], {(—/f1, a1, XxyX1) X ¢ has a unique irreducible
subrepresentation appearing with multiplicity one in the composition series, but it is also a
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quotient of C(—Oé1,ﬂ17X¢X1_1) x o, by [15, Lemma 3.1]. Thus, ¢(—p81, a1, xyXx1) X ¢ must be
irreducible.
O

For n € Z>o, let Irrgemumysn(S;(—ﬁ,/F')) (resp., [Irrgenyunmn(S;(?L,/F))]) be the set (resp., the set of

isomorphism classes) of genuine irreducible strongly negative unramified representations of Sp(n, F). Now
we finally prove their classification, up to isomorphism. Brackets [ | are used to denote an isomorphism class.

Theorem 4.6. Let n € Z>o. The map given by the assignment Jord — [o(Jord)] is a bijection between

—~—

Jord(n) and [Ir7gen unr,sn(Sp(n, F))].

Proof. Injectivity is obvious. We prove surjectivity by induction on n. Case n = 0 is trivial. Let n € Z~,

and suppose that the claim is valid for all 0 < m < n. Take 0 € IrTgen unr,sn (Sp(n, F)). Let 5 be the largest
such that v%x,x is in cuspidal support of o, where x is a unitary character. As in Lemma 4.3, let « be
the largest such that there is an embedding o — {(—f, &, xyx) % ¢/, where ¢’ is irreducible. Lemma 4.3
implies that —3 + o < 0, ¢’ is strongly negative and ((—/f,a, xyX) * o’ reduces. By induction hypothesis
and Proposition 4.5, we have o/ = o(Jord’), x € {1, x0} and 8 € 3 +Z. If Jord' (xyXx) = 0, then, by Theorem
4.4,

o = o(Jord) for Jord = Jord' U {(28 + 1, xyX), (2a + 1, x4X) }-

Otherwise, we show that o > |i| for every vy, x appearing in the cuspidal support of o’. Let 23’ + 1
be the largest in Jord'(x,X), and 2o’ + 1 the second largest, if it exists, or else 2o/ +1 = 0. Let Jord” =
Jord"\{(26’" + 1, xyX), (2¢/ + 1, xyX)}. By Theorem 4.4
(4.17) o = (=B, 0, xypx) X (=8, a, xpXx) @ a(Jord").

If B/ = B, then o — ((—f',a/, xpX) X ((=B,a, xyX) x o(Jord”). By Lemma 3.4 and the choice of «, we
have a > o/(> —3). Also o < (=8, 8, XxuX) X ((—a, &/, xyXx) % o(Jord”). By Theorem 4.4 and Lemma
3.8, the irreducible unramified subquotient of ¢(—a, o, xyx) % o(Jord”) is negative, so, by Lemma 3.8, o is

negative, but not strongly negative, a contradiction. Thus, 8’ < S.
If 5’ > «a, we have several cases:

o If o/ > «, then (-5, a, xyx) X ((—=0',a, xyx) reduces. By Lemma 3.4, 0 — ((—05,a/, xyX) X
C(—B,a, xypX) x o(Jord”). Lemma 3.4 gives a contradiction with the choice of a.

o If a>a, then o < ((—8, 8", xyx) X ((—a,a’, xypx) ¥ o(Jord”). By Theorem 4.4, o embeds in this
product, and Lemma 3.4 gives a contradiction with the choice of a.

o If o =0/, then 0 < {(—a, &/, xuX) X ((—=B, 8", xpx) X o(Jord”). By Theorem 4.4 and Lemma 3.8, ¢
is negative, but not strongly negative, a contradiction.

Soa>p . Ifa=p,0<{(—F,—a—1,xpX) X (=, a, xpXx) X ((—a,a, xpXx) X o(Jord”), and
(<) S C(—Oé, «, XTIJX) X C(_B7 OéleU’X) A O'(JOI'd”).

By Lemma 3.8 and Theorem 4.4, o is not strongly negative, a contradiction. Thus, 8 > a > 8’ > o/ and
o = o(Jord) for Jord = Jord' U {(28 + 1, xyX), (2a + 1, x4x) }- O

5. THE ZELEVINSKY CLASSIFICATION OF UNRAMIFIED REPRESENTATIONS

We are finally ready to prove the strong form of the Zelevinsky classification of genuine unramified
irreducible representations of Sp(n, F'). But first we need a lemma.
Lemma 5.1. Let x,x1,--., Xt be unramified unitary characters of F*, o, 8 € R such that a + 4+ 1 € Zsg

and —f +a > 0, and ly,...,l; € %Zzo- Let o' be a genuine irreducible unramified strongly negative
representation of the metaplectic group and o the irreducible unramified subquotient of ((—l1,l1, xypX1) X
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e X C(=ley ey xpx) X o’ Then ((—B, a, xyx) X o reduces if and only if one of the following representations
reduces (i =1,...,t)

C(_67 Q, XibX) X C(_liy li7 X’LPXZ')7 C(_a7 57 Xibx_l) X C(_lw li7 XIZJX'L)7 C(_57 «, X’LPX) Dol U/'
If (=B, a, xypx) X 0 reduces, its unique subrepresentation is not unramified.

Proof. Lemma 3.8 implies 0 < ((—l1,l1, xpx1) X - X {(=l, I, xpXxe) ¥ o’ and the negativity of o. If all
representations from the list are irreducible, we have

(=, B, xux ") @ 0 =C(=a, B, xupx 1) X (=11, Dy, Xypx1) X -+ X (=l L, Xpxe) ¥ 0
C(=la, 1, Xpx1) X -+ x C(=le, Ly xpxe) % ((—a, B, xpx ") o
(
(

12

12

C _llallvxwX1) X X C(_lt,thdJXt) X C(_ﬁaavxwX) X 0/
C _B7a7X’l/JX) X C(_lluth’L/JXl) X X C(_ltvth’LbXt) X 0J~

12

C(_ﬁva7X’¢X) XNo — C(—ﬁ7aaX¢X) X <(_ll7ll7X’¢1X1) X X C(_ltath’Lﬁxt) Dol OJ

Because of the uniqueness of the irreducible unramified subquotient, the intersection of the images of em-
beddings is nontrivial. By [11, Thm. 4.6], ((—f, &, x4X) % ¢ has a unique irreducible subrepresentation
appearing with multiplicity one, which is also a quotient of ((—a, 3, x4 X ') x o, by [15, Lemma 3.1]. Thus
C(=B, a, xypx) x o must be irreducible.

Now, we consider the cases when one of the representations from the list reduces. Let 7 be the unramified
irreducible subquotient of {(—/5, &, x»x) X 0. Suppose that

(1) ¢(—=8, 0 xpXx) x ¢(=L,li, xpXxi) reduces for some ¢ = 1,...,t. We may assume i = 1. Reducibility
implies @ > [y > 8 € %Zzo and x = x1. Assume 7 — ((—f, &, xypXx) X 0. Now

T = C(=l1, a, xpx) X (=8, 11, xex) X C(—=l2, Iz, xypx2) X - X (=l b, xpxe) X o’

Let o1 < {(—=8, 11, xpx) X (=2, 1o, xwx2) X -+ X (=l¢, Iy, xxt) @ 0’ be its irreducible unramified
subquotient. By Lemma 3.4, 7 — ((—li, @, xyX) X 01. For o1, there exists an embedding o; —
C(=P1, a1, xpx1) X - X C(=PBrs Qs XopXk) X Oneg, as in Theorem 3.6. Now

T = C(_llaavxi/JX) X C(_ﬁhahXile) X X C(_Blmak:aXika) Dol Oneg-

Since ((—8, o, xyXx) does not contain V_lleX in the cuspidal support, we have a contradiction
with the uniqueness of the embedding of 7 (Theorem 3.6). Thus, 7 is not a subrepresentation of
¢(=B,a, xypx) ¥ o, which must then reduce.

(i) ¢(=B,a, xypx) % 0’ reduces. By Theorem 4.6 and Proposition 4.5, we have x € {1,xo}. Having
proved (i), we may assume that ((—8, o, xyX) X (=i, L, xyXi) is irreducible for every i. Now

C(=B, o, xyx) X o= C(=l, 1, xpx1) X - X C(=le, Ly Xpxe) X C(—=B, o, xpx) X o’

Let 7 be the unique irreducible subrepresentation of ((—8,a, x4Xx) X ¢’. By Proposition 4.5, 7
is not unramified. If ¢(—I1,l1, xpx1) X - X C(=l, Iy xpxe) X (=08, xpXx) ® o' is contained
with the same multiplicity in p*(¢(—I1, 0, xpXx1) X - X C(=le; by xuxe) X (=8, a, xgx) ¥ ¢') and
(=1, by xpxa) X - =X (=g, b, xpx) X), then 7 cannot be a subrepresentation of ¢(—8, &, Xy X) X
o and it must then reduce. Let us calculate these multiplicities.
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First, by (2.5), thereexist 0 < j<i<a++4+1,0<j; <i3 <21 +1,...,0 <jp <ip <2l + 1,

and an irreducible representation ¢; ® o1 < p*(0’), such that

C(=la, by xxa) X - X C(=ley Ly xpxe) X C(=B,a, xpx) @ 0’ <

Gl 0 —in, XXy ) X (=T, — I = 1, xpxa) X - X (=l b — i, xpx )%

C(_lt»jt - lt - 17X¢Xt) X C(_aaﬂ - l;XwX) X C(_ﬁvj - 5 - 17X¢X) X <1®

CUr =i — 11 — 1, xyx1) X

o X Qe = leyie — b — Loxgxe) X C(J — Byi— B — 1, xgpx) x o1

The sum of exponents of v in the cuspidal support of {(—l1,l1, xpXx1) X -+ X {(—l¢, le, XpXt) X
C(—=B,a,xypx) is =f 4+ ---+a > 0. On the right hand side only {(—5,5 — 8 — 1, x4X) can have
a positive sum, at most —3 + - - - + «, achieved for j = a 4+ § + 1, while {; has a negative sum if
different from xy1. Thus j =i=a+ B+ 1, (1 = xyl, 01 2o’ and if x; # x; !, is = js = 2ls + 1,
while if x5 = x7 !, then iy = js =2l +1ori, =j, =0, forall s =1,...,t.

For the second multiplicity, note that (=83, «, xyXx) ® ¢’ < p*(7). Now

N*(C(—lhllanXl) X X <(_lt7lt7X’¢1Xt) X 7T) Z
t 241 s

DYDY b = xexa ) X (=gt =l = 1 xexa) X

s=1 i,=0 j,=0
X C(=le, Iy — it,XwX;l) X C(=l, 50 — 1y — LXth) X C(—ﬁ,alesz)
@ —lyin =l = Lixgxa) X - < (e = lesie = le — 1, xgxe) @ 0.
We can make choices for i; and js, s = 1,...,t as above, so multiplicities are equal.

(iii) ¢(—ay B, X,/,X_l)xC(—li, li, X i) reduces for some i = 1,...,t. Replace {(—1;, i, xyx:) with {(—1;,;, wajl).
Now (=8, , xux) X C(—lisli, xex; ') reduces and we are in case (i).

O

Theorem 5.2 (Zelevinsky Classification). Let o be a genuine irreducible unramified representation of

Sp(n, F'). Then, either o is negative, or there exist k € Zsq, and a sequence X1, ..., Xk of unramified unitary
characters of F*, and there exist real numbers o, B;, such that o;+5; € Z>o and —fi+a; >0, fori=1,...,k
and there exists a genuine irreducible unramified negative representation oneq of the metaplectic group, such

that o — C(_Bla aq, Xibxl) XX C(_Blﬁ (0778 Xika?) X Oneg- Data C(_Bh aq, X¢X1)> e 7C(_ﬂk7 af, Xka) are
unique up to permutation, while oy is unique up to isomorphism. Moreover

o= C(_BlaalaxwXI) X X C(_Bkvak}axka:) N Oneg-

Proof. Suppose that o is not negative and take an embedding as in Theorem 3.6

(51> o — C(_ﬁlaalaxwXI) X X C(_Blwak:aXdJXk:) X Oneg»

where x1,..., X% are unramified unitary characters of F'*, «;,3; are real numbers such that a; + 5; €
Zso, —Pi+a; > 0,1 =1,....k ((=P1,a1,xex1) X - X {(=Pk, g, Xy Xk) is irreducible and g4 is
a genuine irreducible unramified negative representation. Note that we can permute Zelevinsky segment
representations. Also, ((—8i, i, XyXi) X Oneg is irreducible for every i, or else, by Proposition 4.5 and
Lemma 5.1, its unique irreducible subrepresentation p; is not unramified, resulting with

o (=P, a1, XypX1) X - X ((=Bim1, @im1, Xy Xim1) X
C(=Big1 Qig1, X Xit1) X =+ X C(=PBr, ke, X Xk) X i
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a contradiction to Lemma 3.3. Now we do the following process. We start with ¢(—01, a1, xypXx1). Permute it
until it is next to 0,4, replace with {(—a1, f1, wafl) and pull back to its place. To keep the embedding of o,
for this last action, note that ¢(—23;, o, xuXi) X {(—a1, b1, wal_l) is irreducible for 7 > 1. Indeed, if 7 is the
largest such that ((—/5;, s, xuxi) X ((—a1, B, wafl) reduces and 7 its unique irreducible subrepresentation,
then it is not unramified by Lemma 2.1. Now

0 = C(—f2, a2, XyX2) X -+ X C(=Fim1, X1, XpXi—1) X T X C(=Big1, Cig1, XpXit1) X
X C<_ﬁkaak7X’¢Xk) X Oneg»
a contradiction to Lemma 3.3. Thus

o C(—an, B, xeX1 ") X C(—B2, a2, XpX2) X -+ X C(—=Br, ks Xy Xk) X Oneg
We continue the process with ¢(—S2, a2, xyXx2), - - - » C(— Bk, @k, Xy Xk). In the end

o — C(_alaﬂhX'Ll)Xl_l) X C(_OZ2,62,X¢X2_1) X X C(_akvﬁka XibX];l) Do Oneg-
Lemma 3.1. of [15] implies that o is a quotient of
C(=Br, a1, xypx1) X ((=B2, a2, Xyx2) X -+ X ((=Br, Oy Xy Xk) X Tneg-
Thus, Theorem 3.6, together with (5.1) gives the result. O
APPENDIX A. REDUCIBILITY OF ((—/3, &, XyX) X wo

The goal of this appendix is to prove a criterion for reducibility of the induced representation ¢(—23, a, xyx) %
wo where x is a unitary unramified character of F'*.

A.1. The basic case of n = 1. We first consider the reducibility of the induced representation xxv* x wp.
It is settled by the following theorem of [23] (see also [7]).

Theorem A.1. Let x be a unitary character of F* and o € R. Representation xuXxv® X wo reduces if and
only if x* = 1px and o € {£1/2}. If a = —1/2 and x is unramified such that x> = 1px, then the unique
unramified irreducible subquotient is a subrepresentation.

A.2. Lemmas of Tadié. The following lemmas directly generalize from [22]. We include their statements
to fix the notation.

Lemma A.2. Let PO, P P’ and. P be parabolic subgroups of Sp(n F) with Levi factors My, M', M
and M, such that P - P” and P’ - P . Let 00 be an irreducible representation of My such that

Sp(n F) S’pnF)
ST (@S0 () 2 o,

Assume that there exists an irreducible subquotient ™" of r?lpv/(,n’F) (Ind%ﬂ(n’F) (00)) such that for every irre-
0

Sp(n F) Sp(n F)
Of rM/// (I d (

i /// S/\7/F' 5/7\,/1‘_‘
5.8. (r%, (1 ")) + s.8. ( M7 7" ) £ s.s. <r1\7p/(" )(Ind/ﬂ% ' )((0'0))> .

ducible subquotient " 00)) we have:

Sp(n F)
i (

Then, induced representation Ind o0) is irreducible.

Lemma A.3. Let I‘% = ]\%NO be a parabolic subgroup of Sp(n, F) and oo an irreducible unitarizable repre-
sentation of 1\70.

Let P = M'N' and P" = M"N" be parabolic subgroups of Sp(n, F) such that P’ C ?’6 and P’ C P,
Sp(n F)(I dSP(" F)(UO))

Assume that there exists an irreducible subquotient T/ ofr of multiplicity one. Let 1y
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be an irreducible subquotient of rj\s-;("’F)(Ind%[ﬁ(n’F)(ao)) and o' an irreducible representation of M'. Assume
0

that the following three assertions Ohold:

—

(i) Wmd?"™ (0g) = md 2™ (o)

Sp(n,F)

T (Ind%i("’F)(ao)) that is not isomorphic to 1o, then o’ is
0 0

(ii) If 7§ is an irreducible subquotient of r

not a subquotient of TMA{? (7).

(iil) There exists an irreducible subquotient p’ of rz\l‘%? (10) such that p’ has the same multiplicity in r]]lév:' (")

and r

Sp(nF) (1, 4SP(n-F
) (nd 7 (o).

en Ind=—" agp) 1S 1rreauciole.
Then T dif(" F) s irreducibl
0

A.3. The incomplete reducibility criterion. Now we prove the irreducibility under certain conditions.
The following two lemmas solve a special case.

Lemma A.4. Let x be a unitary unramified character of F* such that x> = 1. The representation
5(0,1, xpX) X wo s drreducible.

Proof. The proof is the same as the proof of Lemma 6.2 and Proposition 6.3 of [22], except that instead of
using the analogue of Lemma 6.1 of loc. cit., that is, xyXx X 6(—1,1, Xy X) X wo is irreducible, it is enough to
have that all irreducible subquotients of xyx x 6(—1, 1, x4X) X wo are isomorphic. This is valid by Corollary
8.3 of [8] and the fact that x x §(—1,1,x) x 1 as the representation of the split odd special orthogonal group
is irreducible, which is a consequence of Lemma 6.1 of [22] and part (4ii) of Theorem 3.3 of [18].

For the sake of completeness we write down the proof. Using (2.6), we have

$.5.7(4:0) (XX X XX X XX X XX X wo) =4 > XX X XurX X XeV™ X X Xyl X @ wo
(e1,e2)€{£1}2

5.5.7(4;0) (XyX X 6(=1, 1, xyX) ¥ wo) = dxyx X 6(—1, 1, xyX) ® wo + dxyX X XyrX X 6(0,1, Xy x) @ wo.
Thus, the multiplicity of 6(0, 1, xyx) X 6(0,1, xyX) ® wo In L (XX X XX X XopVX X XeVX X wo) is 4, the
same as in p*(xypXx X 0(=1,1, xeX) X wo).

Now, recall that, by Theorem A.1, x4X X wo and x,vx X wp are irreducible. By (2.6), we have

1 (6(0, 1, xyx) ¥ wo) =Xyl @ 6(0, 1, XypX) X wo + [XypX @ XypX X Wo + XX ® XypVX X wo]+
+[0(0, 1, xyX) ® wo + Xy X X XyrX ® wo + 6(—1, 0, xyX) ® wol-

Suppose that §(0, 1, xX) X wo reduces. Then, there exists an irreducible subquotient 7, such that r1;1)(m) =
XpVX @ XyX X wo. Using (2.6) and Lemma 2.1, we see

w(m) = Xpl @ T+ XX ® XpX ¥ wo +26(0,1, xyX) ® wo.
Using (2.6), we have

5.5.7(2,0)(6(0, 1, xypx) @ ) =26(0, 1, xyx) x 6(0, 1, xypx) ® wo + 2xpX X Xyp¥X X (0,1, Xy X) @ wo+
+20(—1,0, x4x) % 6(0,1, xpX) ® wo.

Thus 5.5.7(4,0)(6(0, 1, xyx) @ 7) > 46(0,1, xyX) x 6(0,1, xyX) ® wo. As we proved that the multiplicity

of 6(0,1, xyx) x 6(0,1, xyx) ® wo In p* (XX X XgpX X XeVX X XgpVX X wo) is 4, the same as in p*(xyx X
d(—1,1, xyx) ¥ wo), and by the above argument all irreducible subquotients of xx % §(—1,1, xyX) X wo are
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isomorphic, we have s.s.(xyx X 0(—=1,1, xyX) ¥ wo) < 5.5.(0(0, 1, xyx) x 7). Writing down s5.5.74 0y (X4 X X
O(—1,1, xypx) ¥ wo) < 8.5.7(4,0)(6(0, 1, xypX) X ), we get

dxyX X 0(=1,1, Xy X) @ wo + dxpx X XX X (0,1, x4 X) ® wo <

26(0,1, xpx) % 6(0,1, xypX) @ wo + 2xpX X XprX X 0(0,1, xypX) ® wo +26(—1,0, xpX) X 6(0,1, x4 Xx) ® wo.

But, using Lemma 2.1 and (2.3) and (2.4), we see that xy;x % 6(—1,1, x4X) ® wo appears only two times on
the righthand side, a contradiction. We have proved that §(0, 1, x4x) X wo does not reduce. O

Lemma A.5. Let x be a unitary unramified character of F* such that x> = 1. The representation
€(0,1, xypX) * wo is irreducible.

Proof. Using formulas (2.5) and (2.6), we have
(A.1) 5.5.71;1)(C(0, 1, xypX) X wo) = Xy~ X @ XypX X wo + XX ® Xy X ¥ wo

(A.2) 5.5.7(1,1)(6(0, 1, xyX) ¥ wo) = Xy X @ XX ¥ wWo + XX ® Xy X X wo

all summands being irreducible by Theorem A.1. Since (0, 1, xy4x) % wo is irreducible by Lemma A.4, we
see that it is not isomorphic to any irreducible subquotient of (0, 1, x4 X) X wo. Now observe

€0, 1, XpX) X wWo = XypX X XV X X Wo 2 XX X XV X X Wo = Xl X X XX X Wo
where the kernel of the last map, induced from y,X X Xy X = XV IX X Xu X, 8 0(—1,0, x4 X) X wo
8(0,1, xpXx) % wo. Thus,
€0, 1, xpX) X Wo = Xy TX X XX X Wo
Let 7 be the unique irreducible subrepresentation of (0,1, xyX) X wo. Frobenius reciprocity implies that
5.5.71;1) () = Xy X @ XX X wp. Also, from ¢(0, 1, xyx) X wo = XpX X XyV X X wo, we get s.5.7(1,1)(7) >
XX ® Xyt X X wp. Thus,

s5.5.7(1;1)(m) > XV X ® XX X wo + XX @ Xotx X wo
Comparing to (A.1), we see that m = ((0,1, xyX) X wo, showing irreducibility. O

Theorem A.6. Let o, 5 € R such that o+ 41 € Zsq, and let x be a unitary unramified character of F*.
Suppose x> # 1px or =B ¢ 1/2 — Z>o or a & —1/2+ Zxq. Then the representation ((—08,a, xypX) X wo is
irreducible.

Proof. We prove the two cases of the theorem separately. The third case, a ¢ —1/2 + Z>, follows from

Case 2 below using relation (2.7).

Case 1: Y2 # 1px.

Let 8 be a real number. We show, by induction on n € Zs>q, irreducibility of the representation o :=

¢(=B, =B+ n,xypx) ¥ wo. Theorem A.1 provides the induction basis, so assume n > 1. Using (2.5), we have

n+l 1
P o) =YD CB=nB =i xux ") X (=B.5 = B—1,xeX) ®C(I — Bri— B — 1, xyX) % wo.

i=0 j=0

Let M’, M", M"" be Levi subgroups of Sp(n + 1, F') that correspond to (1,...,1;0), (n+ 1;0), (1;n), resp.

ag SN =
VT x T @ (=B, =B+ n— 1, xyx) X wo + v P xypx @ (=B + 1, =B 4 n, XpX) X w.
— n+1
(A.4) 58,58 () = 3B =, B — i xux TN X C(=Bi — B— 1, xuX) ® wo.

=0
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Take 7" = VP "y x 7t x (=B, =B +n — 1, xyX) ® wo, which is the irreducible summand on the right hand
side of (A.4) for i = n. We want to apply Lemma A.2. By induction hypothesis, summands on the right
hand side of (A.3) are irreducible. First take 7/ = v/ "\, x "' @((—B, —B+n—1,xyX) X wo. Assume that

(A.5) (1@ssra,.. 10) ")+ (ssra,.. 1) @1)(7") < ss. <r%(n+1’F) (0‘)> )

From (A.3) we have (s.s.r¢, . 1)®1)(7") < V’BX¢X®S.S.(T(17,_,1)(C(—B—l—l, —B4n, XyX) Xwo), a contradiction.
Take now 7" = v Pxyx ® (=B + 1,—B + n,xyX) ¥ wo. If (A.5) was valid, then (A.3) would imply
(ssr1,.1) ® D)(T") < VP xux ™ @ s (ra, 1,0 (C(—=B, =B + 1 — 1, xyx) ¥ wo)). Again contradiction,
and Lemma A.2 shows that o is irreducible.
Case 2: x? =1px and —8 ¢ 1/2 — Z>o.
First we prove irreducibility of o in the special case o := ((—n,n, xyx) X wo for n € Z>o. Theorem A.1

covers the case n = 0. Let n > 1. Using (2.5), we have

on+1 i

[L*(O') = Z ZC(*TL,TL - ILdeJ) X C(fnv —-n +] - 13 X@Z}X) & C(] —n,—n +1— 13 Xﬂ)X) X wo-
i=0 j=0
S-S-(T(Zn;l) (J)) = g(_nv _17 XIZJX) X C(_n7 _17X’LZJX) & Xy X X wo+
A6 "
(4.6) 2> ¢(=n, =k = 1,xpx) ¥ (=1, k — 1, Xy x) @ V¥ xpx % wo.
k=1

All summands in (A.6) are irreducible. Let 7" = {(—n, —1, xpX) X ¢(—n, =1, xyX) @ XupX X wo. It appears
with multiplicity one in (A.6). Moreover,

n
(A?) S'S'(T(2n+1;0) (0) =2 Z C(_na n—i, X’LPX) X C(_nv -n+i—1, X’L[)X) ® wo,

i=0
and all summands in (A.7) are irreducible. Let 79 = {(—n,0, x4 X) X ((—n, —1, Xy X) @ wp. Since v™xyx X wo
is irreducible, and for i = 1,...,n — 1 and n > 2, viy,x X v "X is irreducible, we have 1" x,x X wy =
VX X wo and vy X VX v e X X Vixgx (n>2). So for n > 2

n n—1

C(=n,m, XpX) X wo = v xex X VT g x X X 0 T g X v g X wo
v XX X V*”“Xq/,x X oo X 1/"’1wa X VT XX X Wy

XX X e X V_1X¢X X XX X VXX X VXX X e X Vn_l)(wX X W

1%

n

1%

VXX X e X V71X¢X X XX XV TXpX X VT +1wa X - X 1/71wa X wo.
Thus, for n > 1

C(=n,n, xpXx) X wo —
VXX X e X VﬁleX X XX XV TXpX X VT
—n+1

(A.8)

n

+1XwX X +ee X VﬁleX X wo.

Let 0/ = v "X ® - @ Iy X @ Xop X @V "Xy X @V XX @+ Qv xy X ®wo. We use Lemma A.3 to
prove irreducibility of o = {(—n,n, xypX) X wo. Let o9 = {(—n, n, xyXx) @ wo. From (A.8), we have condition
(i) of Lemma A.3 For (ii), note that ¢’ is not a subquotient of

r(l,.“,l) (C(_nv n— i? X’l/)X) X C(_TL, —n + 71— 1a lex)) & wo, 1= 07 e, = 17
because every irreducible subquotient of ((—n,n —1%, xyx) X ((—n, —n+i—1, xy»X) has vxxy in its cuspidal
support. Now, from (A.7), we have condition (ii) of Lemma A.3, for 7y defined after formula (A.7). That
leaves us with condition (iii). Since

To = C(*”,OJWX) X C(fna 713 Xd)X) & wo = C(*TL, 7]-7X1ZJX) X C(fna O,XwX) & wo,
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we have 79 <> Xy x X - X VT X X VT XX X o X XX @ wo. Let
Pr=v"XpX ® - QU XX VTN X @ - @ Xy X @ wo € 8.5.(r(1,...,1,0) (T0))-

From (A.6), we see that it is enough to show that p’ is not a subquotient of

C(=n, =k — 1, xpX) X {(—n,k — 1, xpx) @ V*xpx X wo, 1 <k < n.
That is clear, because 7"(1;0)(1/’“)(1/,)( X wp) = v Fxyux @ wo + vExyX ® wo, 1 < k < n. So, by Lemma A.3,
representation o = ((—n,n, x4 Xx) X wp is irreducible.

We consider now the general case o := {(—f,—f + n, xyX) X wo for =8 € 1/2 — Z>¢. As in Case 1, we
show irreducibility of ¢ by induction on n € Z>(. Because of Theorem A.1, we may assume n > 1. Using
(2.5), we obtain

n+1 1
p(o) =" CB=nB—i,xpx) x C(—B.5 — B—1xpX) ®C(I — Bri— B — L, xyX) % wo.
i=0 j=0
Let M’, M"  M"" be Levi subgroups of Sp(n + 1, F') that correspond to (1,...,1;0), (n+ 1;0), (1;n), resp.

—

s.s.(réﬂn’F)(a) =

(A.9) a7
VP X @ C(=B, =B+ n — 1, xpX) Xwo + v P xypx @ (=B + 1, =B + 1, xpX) X wo
e~ n+1
(A.10) 55,050 () = 37 C(B = n. B —ixux) X C(=B.i — B— 1, xyX) @ wo
1=0

By the induction hypothesis, all summands in (A.9) are irreducible. We have two cases:

a) [ # 0. Because of (2.7), taking contragredient if necessary, we may assume (-8 + (=5 +n))/2 > 0,
as it is equal to zero only for 5 € Z~y and n = 23, which is settled above. Thus, the i = 1 summand
" =((B-n,8—1,xpx) X v ¥ @wp in (A.10) is irreducible. We use Lemma A.2. First, let

" =P x @ (=B, =B +n — 1, xypX) X wo and assume

(A.11) S.S. (r%’fl(n’F)(a)> >(1® s.s.r(l,_4.71;0))(7”/) + (s.8.71,...1) ® 1)(7").
From (A.9), we have a contradiction

(s, @) < v Pxypx @ss. (ra,. 1) (C(=B+ 1, =B +n, xpX) X wp)) .
Take now 7" = v Pxyx @ ((=B+1,—B +n, xyX) ¥ wo and assume (A.11). Then (A.9) implies

(s.8.r(1,...1)® (") < VB*”XwX ® s.8. (T(l,...,1;0)(C(*5, —B+n—1,xypx) 2 WO)) )

a contradiction. So by Lemma A.2, 0 = {(—5, —8 + n, xyX) X wo is irreducible.
b) 8 =0. Since we already proved in Lemma A.5 that (0,1, xyX) X wp is irreducible, we assume n > 2.
Take the ¢ = 2 summand

7 = C(=n, =2, xyx) % (0,1, xyX) ® wo,
in (A.10). It is irreducible. Now (A.9) becomes

—

Sp(n,F —n
(A.12) 5.5.(r 28 (0) = ™My x @ €0, = 1, xuX) ¥ wo + Xex @ C(1,m, XuX) ¥ wo.

We want to use Lemma A.2. First, let 7/ = v ™" xyx ® (0,1 — 1, x4 X) X wp. Assume that

M’

(A.13) (1 @ssra,.1.0) ") + (s8rq, 1)@ 1)(1") < ss. (rilz("f)(g(o,n, XuX) X wg))> .
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But (A.2) implies a contradiction (s.s.r¢,. 1) @ 1)(17") < xyX ®@8.8.71,....1,0)(C(1, 7, Xy X) X wo). Now
take 7" = xypx ® (1,7, XyX) X wo and assume (A.13). Relation (A. 2) unphes

(S~S~T(1,...,1) & 1)(7—//) < V_anX ® 5.8.7(1,...,1;0) (C(Oa n— ]-7 XillX) A wO)v
a contradiction. So ¢(—8, —8 + n, xyXx) X wo is irreducible, by Lemma A.2.

A.4. The complete reducibility criterion. Now we finally prove the main theorem of this section.

Theorem A.7. Let o, € R be such that a+ 8+ 1 € Z~g, and let x be a unitary unramified character
of F*. Representation ((—f, o, xyX) X wo reduces if and only if xyxv' x wo reduces for some i such that
—f<i<aanda—1i€Z.

Proof. From Theorem A.1, we know that Theorem A.6 covers all the cases in which y,xv* X wp is irreducible
for all ¢ such that —3 < i < a and  — 7 € Z. It remains to check the cases in which at least one of these
X XV' X wp reduces. That is, x> = 1px and —8 € 1/2 —Z>( and a € —1/2 + Z>¢. In other words, we must
show that C(% —k, % + 1, xpX) X wp reduces for k,l € Z>o.

Because of (2.7) and Lemma 4.1, we may assume |% -k < % + ! and k > 1, resp. Now

1 1 1 1 1 1
C(i—k‘,i—l—l,x,px) X wo > V2 Ry X X VT2 X V2 XX X - X 2 Ty X wp.

Let o1y be the unramified irreducible subquotient of ¢ (27 5+ 1, XyX) ¥ wo, as in Lemma 4.1. Suppose that
C(% —k, % + 1, XypX) X wp is irreducible. Then, by Lemma 3.4,

1 1 1 1

(A.14) C(§ —k, 5 + 1, XpX) X wy — ((5 —k, —§,wa) X o1y
We will get a contradiction by proving that (A.14) does not hold. Using (2.5), we have

1 I+k+1 i 1 1

WG kg +lxwx xwo)= Y > (-5 wax)XC( — k5 =K+ Lxex)
(A15) =0 35=0
1 1
®CU+ 5~ kit —k—1xyx)xwo,
1 1 I+k41 1
8.8. (7’(1+k+1;0)(C(2 ko 5 4L Xxpx) @ wo ) Z ¢(= — 5 T hXeX)X

(A.16)

1
X ((5 —k7—§ — k41, XpX) ® wo.
By Lemma 4.1 and (2.5), we have:

o1 1 HEEL 1 1 _ 1 1
pCG =k =5 xex) @ oy ) = (G5 Tk —ixex) X C(5 =k =k = 5 4, xpx) %
(A.17) $=0 i=0 j=0
1 1 1 1
X (=g = b=y =5 xex) @[+ 5 = ki— 5 =k Xux) 2oy,
1 1 k .
S.8. T(k+l+1;0)(<(§_ka 27wa >401+l ZC — 1y Xy X) X
(A18) 1=0
><<(1 bk — 14 )><g‘(1 - ) ®
2 ) 2 Ty, X X 2 ) 27X’L/JX wo-

Now we have two possibilities. If —3 —1 <  — k, (A.18) implies that p*({(5 — k, —3, XxpX) X o1y) does
not contain C(% —k, % + 1, xpx) ® wo. Since u*(((% —k, % + 1, xpx) X wo) contains C(% -k, % + 1, xpX) ® wo,
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we have a contradiction with (A.14). Else, if —3 — 1 = 1 — &, (A.18) implies that multiplicity of ((3 —

2

k, % +1, xyX) @ wp in N*(C(% —k, —%JwX) X U%H) is one. Namely, ((% —k,—k— % +14, xypX) must be x,1

(i = 0), because C(% —k, % + 1, xyX) in its cuspidal support has no repetition of V%_kxd,x. But multipicity
of C(3 —k, 3+ 1 xyx) ®wo in ((3 —k, 2 +1,xypX) X wp is two, i =0 and i =k +1+1in (A.16). Again we

get contradiction with (A.14), so C(% -k, % + 1, XyX) % wo reduces. |
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